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A-1 Let (a,,) be a sequence of positive reals such that, for
alln, a, < as, +asny1. Provethat Y7 | a, diverges.

A-2 Find the positive value of m such that the area in the

£rst quadrant enclosed by the ellipse %f +y? =1,the
x-axis, and the line y = 22:/3 is equal to the area in the

£rst quadrant enclosed by the ellipse %f +y? =1,the
y-axis, and the line y = ma.

A-3 Prove that the points of an isosceles triangle of side
length 1 annot be colored in four colors such that no
two points at distance at least 2 — /2 from each other
receive the same color.

A-4 Let A and B be 2 x 2 matrices with integer entries such
thateachof A, A+ B, A+2B,A+3B,A+4B hasan
inverse with integer entries. Prove that the same must
be true of A 4+ 5B.

A-5 Let (r,) be a sequence of positive reals with limit 0.
Let S be the set of all numbers expressible in the form
Tiy & -+ + Tiygo, TOr pOSIitive integers i; < ip < --- <
i1994. Prove that every interval (a,b) contains a subin-
terval (¢, d) whose intersection with .S is empty.

A-6 Let fi,..., fio be bijections of the integers such that
for every integer n, there exists a sequence iy, ..., ik
for some & such that f;, o---o f; (0) = n. Prove that if
A is any nonempty £nite set, there exist at most 512

sequences (eq,...,e10) Of zeroes and ones such that
fito---o fid° maps Ato A. (Here f* = fand f°
means the identity function.)

B-1 Find all positive integers n such that |n — m?| < 250
for exactly 15 nonnegative integers m.

B-2 Find all ¢ such that the graph of the function z* + 923 +
cx? + ax + b meets some line in four distinct points.

B-3 Let f(x) be a positive-valued function over the reals
such that f/(z) > f(x) for all z. For what k& must there
exist N such that f(z) > e** for z > N?

B-4 Let A be the matrix ((32)(42)) and for positive inte-
gers n, defne d,, as the greatest common divisor of the
entries of A™ — I, where I = ((10)(01)). Prove that
d,, — oo asn — oo.

B-5 Fix n a positive integer. For « real, defne f,(¢) as the
greatest integer less than or equal to «vi, and write f* for
the k-th iterate of f (i.e. f' = fand f**+1 = fo f%).
Prove there exists « such that f,«(n?) = fF(n?) =
n?—kfork=1,...,n.

B-6 Suppose a, b, ¢, d are integers with 0 < a < bleq99,
0 < ¢ <d <99 Forany integer 4, let n, =
101¢ 4+ 1002¢. Show that if n, + ng is congruent to
ne + ng mod 10100, then a = cand b = d.



