
Estonian math 
ompetitions 2001/2002We thank the IMO 
ommunity for many of these problems whi
h have been takenfrom various materials distributed at the re
ent IMO-s.Autumn Open Contest: O
tober 2001Juniors (up to 10th grade)1. A �gure 
onsisting of �ve equal-sized squares is pla
ed asshown in a re
tangle of size 7� 8 units. Find the side lengthof the squares. 782. Find the remainder modulo 13 of the sum12001+ 22001+ 32001+ : : :+ 20002001+ 20012001 :3. Find all triples (x; y; z) of real numbers satisfying the system of equations (where[r℄ and frg denote the integer and fra
tional part of r , respe
tively):8><>: x+ [y℄ + fzg = 200;2fxg+ y + [z℄ = 200;1[x℄ + fyg+ z = 200;0 :4. Consider a point M inside triangle ABC su
h that triangles ABM , BCM andCAM have equal areas. Prove that M is the interse
tion point of the medians oftriangle ABC .5. For any integer n > 1 
onsider all squares with verti
es in points having non-negative integer 
oordinates not greater than n .a) How many su
h squares are there for n = 4?b) Find a general formula for the number Rn of su
h squares for any n .Seniors (grades 11 and 12)1. The sum of two distin
t positive integers, obtainable from ea
h other by rear-rangement of digits, 
onsists of 2001 equal digits. Find all possible values of thedigits of the sum.2. The side lengths of a triangle and the diameter of its in
ir
le, taken in some order,form an arithmeti
 progression. Prove that the triangle is right-angled.1
3. For any positive integer n , denote by S(n) the sum of its positive divisors (in-
luding 1 and n).a) Prove that S(6n) 6 12S(n) for any n .b) For whi
h n does the equality S(6n) = 12S(n) hold?4. In a triangle ABC we have 6 B = 2 � 6 C and the angle bise
tor drawn from Ainterse
ts BC in a point D su
h that jABj = jCDj . Find 6 A .5. Let b1; b2; : : : ; bn be a rearrangement of positive real numbers a1; a2; : : : ; an .Prove thata) �a1 + 1b1� � �a2 + 1b2� � : : : � �an + 1bn� > 2n ;b) if equality holds here for an odd n then at least one of the numbers ai is 1 .Solutions of Autumn Open ContestJ1. Answer: p5 .Let a be the required side length, then the proje
tions of ea
h side of any squareto the sides of the re
tangle are x and y where x2 + y2 = a2 . We have8 = 2x+ y + x+ y = 3x+ 2yand7 = 3x+ y ;yielding y = 1 , x = 2 and a =px2 + y2 = p5 .J2. Answer: 0 .Arrange all terms of the sum ex
ept 10012001 (whi
h is divisible by 13) in pairs(k2001; (2002 � k)2001) . Sin
e 2002 is divisible by 13 , k2001 + (2002 � k)2001 is
ongruent to k2001+(�k)2001 = 0 modulo 13 , i.e. the sum of ea
h pair is divisibleby 13 and hen
e the required remainder is 0 .J3. Answer: the only su
h triple is x = 100;15 ; y = 100;95 ; z = 99;05 .Adding all three equations and using [r℄+frg = r we have x+y+z = 300;15 . Sub-tra
ting from here the �rst given equation, we obtain (y� [y℄)+ (z �fzg) = 99;95or fyg + [z℄ = 99;95 , yielding fyg = 0;95 and [z℄ = 99 . Similarly we get[x℄+ fzg = 100;05 and fxg+ [y℄ = 100;15 , i.e. [x℄ = 100 , fzg = 0;05 , fxg = 0;15and [y℄ = 100 .J4. It su�
es to prove that if triangles ABM and BCM have equal areas then Mlies on the median drawn from B . Let K and H be the perpendi
ular proje
tions2



of A and C to BM , and let BM interse
t AC in a point P (see Figure 1). ThenjBM j � jAKj2 = SABM = SBCM = jBM j � jCHj2and hen
e jAKj = jCHj . If AC is perpendi
ular to BM , then K = H = P ,jAP j = jPCj and BP is a median. If AC is not perpendi
ular to BM , then
learly one of K and H lies inside triangle ABC and the other one outside of it.Hen
e 6 AKP = 90Æ = 6 CHP and 6 APK = 6 CPH , i.e. triangles AKP andCHP are 
ongruent, whi
h again yields jAP j = jPCj and BP being a median.MA B CPK� �HFigure 1 r rr r r rr r rrr r r r r r rrrrr rr r rrr r rn = 1 n = 2 n = 3Figure 2J5. Answer: a) 50 ; b) 1 � n2 + 2 � (n� 1)2 + : : :+ (n � 1) � 22 + n � 12 .We �rst study the possible squares for n = 1; 2; 3 .For n = 1 we have a single square of side length 1 .For n = 2 we have 2 � 2 possible lo
ations for the square of side length 1 and newpossible squares of side lengths 2 and p2 , one of ea
h.For n = 3 , we have 3 � 3 possible lo
ations for the square of side length 1 , 2 � 2possible lo
ations for ea
h of the squares of side lengths 2 and p2 and three newtypes of squares, one of ea
h (see Figure 2).We see that for ea
h n we have 1 = 12 possible lo
ation for ea
h of the �new�squares (i.e. squares having all their verti
es at the edges of the grid) and for thenext values of n we have 22; 32; 42; : : : possible lo
ations for these squares. Itremains to noti
e that the number of the �new� squares is n sin
e we 
an pla
eone of its verti
es either in a 
orner of the grid or in one of the n � 1 points onthe side of the grid, thereby determining the lo
ations of the other three verti
es.Hen
e for any n we haveRn = 1 � n2 + 2 � (n � 1)2 + 3 � (n� 2)2 + : : :+ (n � 1) � 22 + n � 12 ;yielding R4 = 50 . 3
Note. Using the identities Rn � Rn�1 = n2 + (n� 1)2 + : : :+ 12 and12 + 22 + : : :+ n2 = n(n + 1)(2n+ 1)6we 
an show by indu
tion thatRn = (n+ 1)2 � �(n+ 1)2 � 1�12 :S1. Answer: 1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 .Let A be any of the digits 0 , 1 , 2 , 3 . Takingn=A (A+5) : : : (A+5)| {z }1997 digits (A+5)A(A+6); m=A (A+5) : : : (A+5)| {z }1997 digits (A+6)A(A+5);orn=(A+1) : : : (A+1)| {z }1999 digits A(A+2); m=(A+1) : : : (A+1)| {z }1999 digits (A+2)A;we have n and m obtainable from ea
h other by rearrangement of digits andn+m=(2A+1) : : : (2A+1)| {z }2001 digits ; n +m=(2A+2) : : : (2A+2)| {z }2001 digits ;respe
tively. Hen
e 1 to 8 are possible digits.Suppose now that m + n = 99 : : :9| {z }2001 digits. Moving from right to left it is easy to seethat there 
an be no 
arries during the addition. Hen
e any digit A o

urs inn in these and only these positions where the digit 9 � A o

urs in m . Sin
e nand m are obtainable from ea
h other by rearrangement of digits then any digitA o

urs in n the same number of times as 9�A 6= A , and the number of digitsin n , m and also n+m must be even � a 
ontradi
tion.S2. Drawing a line through the in
enter of a triangle parallel to ea
h of its sides it iseasy to see that the diameter of the in
ir
le is shorter than any of the sides. Letx and d > 0 be the diameter of the in
ir
le and the di�eren
e of the arithmeti
progression, then the side lengths are x+ d , x+ 2d and x+3d . Finding the areaS of the triangle in two ways we getp � x2 = S =qp � �p� (x+ d)� � �p� (x+ 2d)� � �p � (x+ 3d)� :Sin
e p = 3(x+ 2d)2 we have 3(x+ 2d)x4 =s3(x+ 2d)(x+ 4d)(x+ 2d)x16 , yield-ing 3x = x+ 4d and x = 2d . Hen
e the side lengths are x+ d = 3d , x+ 2d = 4d4



and x+ 3d = 5d , i.e. the triangle is right-angled.S3. Answer: b) for n not divisible by 2 or 3 .Considering the representations of n and 6n as produ
ts of primes we see thatany positive divisor of 6n is the produ
t of a positive divisor of 6 and a positivedivisor of n . Hen
e the positive divisors of 6n are numbers of the form d , 2d , 3dand 6d where d is a positive divisor of n , andS(6n) 6 S(n) + 2S(n) + 3S(n) + 6S(n) = 12S(n) :Here equality holds if and only if the abovementioned four series of divisors donot interse
t, i.e. no divisor d of n 
an be represented as 2d0 or 3d0 where d0 isanother divisor of n , or equivalently n is not divisible by 2 or 3 .S4. Answer: 72Æ .Let jABj = jCDj = a , 6 C = � and 6 A = 2� , then 6 CAD = 6 BAD = � ,6 B = 2� and 6 BDA = �+� . Applying the sine rule in triangles ACD and ABDwe havesin�sin � = jADja = sin 2�sin(�+ �) ;yielding 2 sin � 
os� = sin(�+�) , or tan� = tan � . Sin
e 0 < �; � < 90Æ we have� = � . Now from 180Æ = 2�+2�+� = 5� we have � = 36Æ and 6 A = 2� = 72Æ .S5. a) Using the AM-GM inequality we have:�a1+ 1b1� � : : : � �an+ 1bn� > 2 �ra1b1 � : : : � 2 �ranbn = 2n �ra1 � : : : � anb1 � : : : � bn = 2n :b) If n = 1 then a1+ 1a1 = 2 and hen
e a1 = 1 . Suppose now that the 
laim is truefor any odd integers less than n . The equality holds if and only if ai+ 1bi = 2raibifor ea
h i , i.e. ai = 1bi . If ai = bi for some i then ai = bi = 1 and we are done.If ai 6= bi for all i then 
onsider some i1 su
h that ai1 6= 1 . Then bi1 equals tosome ai2 where i2 6= i1 , and ai2 = bi1 = 1ai1 . Also, bi2 equals to some ai3 wherei3 6= i2 . Hen
e ai3 = bi2 = 1ai2 = ai1 .If i3 = i1 then�ai1+ 1bi1 � � �ai2+ 1bi2 � = �ai1+ 1ai2 � � �ai2+ 1ai3 � = �ai1+ 1ai2 � � �ai2+ 1ai1 � == (ai1+ ai1) � � 1ai1 + 1ai1 � = 2ai1 � 2ai1 = 22 :5
Sin
e bi1 = ai2 and bi2 = ai1 , we 
an omit ai1 and ai2 and use the indu
tionhypothesis.If i3 6= i1 , we �nd ai4 = bi3 = 1ai3 = 1ai1 , ai5 = bi4 = 1ai4 = ai1 et
. Sooner orlater we must have ik+1 = i1 for some even k (sin
e ai1 6= 1). Similarly to theprevious 
ase we 
an now omit ai1 ; ai2 ; : : : ; aik and use the indu
tion hypothesis.Spring Open Contest: February 2002Juniors (up to 10th grade)1. Is it possible to arrange the integers 1 to 16a) on a straight line;b) on a 
ir
leso that the sum of any two adja
ent numbers is the square of an integer?2. Does there exist a re
tangle with integer side lengths with the square of its diagonalequal to 2002?3. In a triangle ABC we have jABj = jACj and 6 BAC = � . Let P 6= B be a pointon AB and Q a point on the altitude drawn from A su
h that jPQj = jQCj .Find 6 QPC .4. De�ne a1; a2; : : : ; an; : : : as follows:a1 = 0; a2 = 1; an = 5an�1 � an�2; for n > 2.For whi
h n is an divisible by: a) 5 ; b) 15?5. For whi
h positive integers n is it possible to write n real numbers, not all equalto 0 , on a 
ir
le so that ea
h of these numbers is equal to the absolute value ofthe di�eren
e of its two neighbouring numbers?Seniors (11th and 12th grade)1. The sides a , b and 
 of a right triangle form a geometri
 progression, and ab
 = 1 .Find a , b , 
 .2. Let a; b be any real numbers su
h that jaj 6= jbj . Prove that����a+ ba� b����ab > 1 : 6



3. Let ABCD be a rhombus with 6 DAB = 60Æ . Let K , L be points on its sides ADand DC and M a point on the diagonal AC su
h that KDLM is a parallelogram.Prove that triangle BKL is equilateral.4. Call a 10-digit natural number magi
 if it 
onsists of 10 distin
t digits and isdivisible by 99999 . How many su
h magi
 numbers are there (not starting withdigit 0)?5. Find the maximum number of distin
t four-digit positive integers 
onsisting onlyof digits 1 , 2 and 3 su
h that any two of these numbers have equal digits in atmost one position?Solutions of Spring Open ContestJ1. Answer: a) yes; b) no.Sin
e 42 = 16 < 16+ 1 and 62 = 36 > 16+ 15 then only 9 
an be adja
ent to 16(giving 16+ 9 = 25 = 52 ). Hen
e it is impossible to arrange the numbers 1 to 16on a 
ir
le in the required manner. A suitable arrangement on a straight line is:16; 9; 7; 2; 14; 11; 5; 4; 12; 13; 3; 6; 10; 15; 1; 8 :J2. Answer: no.We need to determine whether there exist positive integers a and b su
h thata2 + b2 = 2002 . Note that 2002 is divisible by 7 and the square of any integeris 
ongruent to 0 , 1 , 2 or 4 modulo 7 . Hen
e a and b must both be divisibleby 7 , but then a2 + b2 is divisible by 49 , and 2002 is not divisible by 49 .�2�
 Æ�2 �Æ
 AB CP Q�Figure 3J3. Answer: 6 QPC = �2 . 7
Sin
e jABj = jACj then the altitude drawn from A is also an angle bise
tor.Note that jQBj = jQCj = jPQj (see Figure 3), i.e. the triangles BQC , BQPand PQC are isos
eles. Denote 6 QBC = 6 QCB = � , 6 QBP = 6 QPB = 
and 6 QPC = 6 QCP = Æ , then 6 QCA = 
 . From triangle ABC we now have�+2� +2
 = 180Æ and from triangle PBC we have 2Æ+2�+2
 = 180Æ . Hen
e6 QPC = Æ = �2 .J4. Answer: a) for any odd n ; b) for n = 6k+ 1 .a) From the equality an = 5an�1 � an�2 we see that an is divisible by 5 if andonly if an�2 is divisible by 5 . Sin
e a1 = 0 is divisible by 5 but a2 = 1 is notdivisible by 5 , then an is divisible by 5 if and only if n is odd.b) Taking n+ 1 instead of n in the given equality we havean+1 = 5an � an�1 = 5 � (5an�1 � an�2)� an�1 = 24an�1 � 5an�2 :From here we see that an+1 is divisible by 3 if and only if an�2 is divisible by 3 .Sin
e a1 = 0 is divisible by 3 but a2 = 1 and a3 = 5 � 1� 0 = 5 are not divisibleby 3 , then an is divisible by 3 if and only if n = 3m + 1 for some m . Hen
e anis divisible by 15 if and only if n is both odd and of the form n = 3m + 1 , i.e.n = 6k + 1 .J5. Answer: if and only if n is divisible by 3 .Sin
e ea
h number written on the 
ir
le is equal to the absolute value of the dif-feren
e of two others, then all these numbers are non-negative. Let a be maximalamong these numbers (then a > 0) and let b and 
 be the numbers adja
ent toit, with b > 
 > 0 . Sin
e b 6 a then also b � 
 6 a , and the equality a = b � 
holds only if b = a and 
 = 0 . Hen
e any number a on the 
ir
le must have aand 0 as its neighbours, and any number 0 must have its both neighbours equal.We see that the numbers on the 
ir
le must be a , a , 0 , a , a , 0 , . . . (see Figure 4)and hen
e n must be a multiple of 3 .rrr r rrr raa0 a a 0Figure 4On the other hand it is easy to 
he
k that for any n = 3k and a > 0 the numbersa; a; 0; a; a; 0; : : : ; a; a; 0| {z }k triples a; a; 0 satisfy the required 
onditions.8



S1. Answer: sp5� 12 , 1 and sp5 + 12 .Assume w.l.o.g. that a < b < 
 , then a = bq and 
 = bq for some q > 1 . Hen
efrom ab
 = 1 we have b3 = 1 and b = 1 . From the Pythagorean Theorem wenow have �1q�2 + 1 = q2 , or q4 � q2 � 1 = 0 . Sin
e the equation x2 � x� 1 hasp5 + 12 as its only positive solution, then q =sp5 + 12 and 1q =sp5� 12 .S2. For any real y and x > 0 we have:a) xy > 1 , if x > 1 and y > 0 or x < 1 and y < 0 ;b) xy < 1 , if x > 1 and y < 0 or x < 1 and y > 0 ;
) xy = 1 , if x = 1 or y = 0 .We shall now 
onsider the 
ases where ab is positive, negative or equal to zero.If ab > 0 , then a and b have the same sign and ja + bj > ja � bj > 0 , hen
e����a + ba � b ���� > 1 and ����a+ ba� b ����ab > 1 .If ab < 0 , then a and b have opposite signs and ja � bj > ja + bj > 0 , hen
e0 < ����a+ ba� b ���� < 1 and ����a+ ba� b ����ab > 1 .If ab = 0 , then ����a+ ba� b ����ab = 1 sin
e ����a+ ba� b���� 6= 0 .S3. The rhombus ABCD 
onsists of two equilateral triangles ABD and BCD . Weshall prove that jKDj = jLCj (see Figure 5) � then triangles KBD and LBC are
ongruent and jKBj = jLBj , 6 KBD = 6 LBC . Hen
e 6 KBL = 6 DBC = 60Æ ,i.e. the triangle BKL is equilateral.MK LD CA BFigure 5To prove the equality jKDj = jLCj note that LM is parallel to AD and6 LMC = 6 DAC = 6 DCA = 6 LCM . Hen
e the triangle MLC is isos
eles,i.e. jLCj = jLM j = jKDj . 9
S4. Answer: 3456 .We 
an write any ten-digit number ab
defghij asab
defghij = 100000 � ab
de+ fghij == 99999 � ab
de+ ab
de+ fghij :Hen
e ab
defghij is divisible by 99999 if and only if the sum ab
de + fghij isdivisible by 99999 . Sin
e ea
h summand here is positive and less than 99999 , wemust have ab
de+ fghij = 99999 , or equivalentlya+ f = b+ g = 
+ h = d+ i = e + j = 9(sin
e the sum 
ontains only digits 9 , no 
arries 
an o

ur on addition). We seethat magi
 numbers are in one-to-one 
orresponden
e with numbers of the formab
de where a; b; 
; d; e are �ve distin
t digits su
h that a 6= 0 and the sum ofno two of them is 9 . There are 9 � 8 � 6 � 4 � 2 = 3456 su
h numbers ab
de.S5. Answer: 9 .Note that we 
annot have more than 3 � 3 = 9 integers with the required propertysin
e the pairs of �rst two digits of any two of them must be distin
t. A suitableset of 9 integers is 1111 , 1222 , 1333 , 2123 , 2231 , 2312 , 3132 , 3213 , 3321 .Final Round of National Olympiad: Mar
h 20029th grade1. Points K and L are taken on the sides BC and CD of a square ABCD so that6 AKB = 6 AKL . Find 6 KAL .2. Do there exist distin
t non-zero digits a , b and 
 su
h that the two-digit numberab is divisible by 
 , the number b
 is divisible by a and 
a is divisible by b?3. Let a1; a2; : : : ; an be pairwise distin
t real numbers and m be the number ofdistin
t sums ai + aj (where i 6= j ). Find the least possible value of m .4. Mary writes 5 numbers on the bla
kboard. On ea
h step John repla
es one of thenumbers on the bla
kboard by the number x+ y� z , where x , y and z are threeof the four other numbers on the bla
kboard. Can John make all �ve numbers onthe bla
kboard equal, regardless of the numbers initially written by Mary?5. There were n > 1 aborigines living on an island, ea
h of them telling only thetruth or only lying, and ea
h having at least one friend among the others. The10



new governor asked ea
h aborigine whether there are more truthful aborigines orliars among his friends, or an equal number of both. Ea
h aborigine answered thatthere are more liars than truthful aborigines among his friends. The governor thenordered one of the aborigines to be exe
uted for being a liar and asked ea
h ofthe remaining n�1 aborigines the same question again. This time ea
h aborigineanswered that there are more truthful aborigines than liars among his friends.Determine whether the exe
uted aborigine was truthful or a liar, and whetherthere are more truthful aborigines or liars remaining on the island.10th grade1. The greatest 
ommon divisor d and the least 
ommon multiple v of positiveintegers m and n satisfy the equality 3m+n = 3v+ d . Prove that m is divisibleby n .2. Let ABC be a non-right triangle with its altitudes interse
ting in point H . Provethat ABH is an a
ute triangle if and only if 6 ACB is obtuse.3. John takes seven positive integers a1; a2; : : : ; a7 and writes the numbers aiaj ,ai + aj and jai � aj j for all i 6= j on the bla
kboard. Find the greatest possiblenumber of distin
t odd integers on the bla
kboard.4. Find the maximum length of a broken line on the surfa
e of a unit 
ube, su
h thatits links are the 
ube's edges and diagonals of fa
es, the line does not interse
t itselfand passes no more than on
e through any vertex of the 
ube, and its endpointsare in two opposite verti
es of the 
ube.5. The tea
her writes numbers 1 at both ends of the bla
kboard. The �rst stu-dent adds a 2 in the middle between them; ea
h next student adds the sumof ea
h two adja
ent numbers already on the bla
kboard between them (hen
ethere are numbers 1; 3; 2; 3; 1 on the bla
kboard after the se
ond student;1; 4; 3; 5; 2; 5; 3; 4; 1 after the third student et
.) Find the sum of all numberson the bla
kboard after the n-th student.11th grade1. Determine all real numbers a su
h that the equation x8 + ax4 + 1 = 0 has fourreal roots forming an arithmeti
 progression.2. Inside an equilateral triangle there is a point su
h that the distan
es from it tothe sides of the triangle are 3 , 4 and 5 . Find the area of the triangle.11
3. The tea
her writes a 2002-digit number 
onsisting only of digits 9 on the bla
k-board. The �rst student fa
tors this number as ab with a > 1 and b > 1 andrepla
es it on the bla
kboard by two numbers a0 and b0 su
h that ja�a0j = 2 andjb� b0j = 2 . The se
ond student 
hooses one of the numbers on the bla
kboard,fa
tors it as 
d with 
 > 1 and d > 1 and repla
es the 
hosen number by twonumbers 
0 and d0 su
h that j
�
0j = 2 and jd�d0j = 2 . The third student again
hooses one of the numbers on the bla
kboard and repla
es it by two numbersfollowing a similar pro
edure, et
. Is it possible that after a 
ertain number ofstudents have been to the bla
kboard all numbers written there are equal to 9?4. Let a1; a2; a3; a4; a5 be real numbers su
h that at least N of the sums ai + aj ,where i < j , are integers. Find the greatest value of N for whi
h it is possiblethat not all of the sums ai + aj are integers.5. John built a robot that moves along the border of a regular o
tagon, passing ea
hside of the o
tagon in exa
tly 1 minute. The robot begins its movement in somevertex A of the o
tagon, and further on rea
hing ea
h vertex 
an either 
ontinuemovement in the same dire
tion, or turn around and 
ontinue in the oppositedire
tion. In how many di�erent ways 
an the robot move so that after n minutesit will be in the vertex B opposite to A?12th grade1. Peter, John, Kate and Mary are standing at the entran
e of a dark tunnel. Theyhave one tor
h and none of them dares to be in the tunnel without it, but thetunnel is so narrow that at most two people 
an move together. It takes 1 minutefor Peter, 2 minutes for John, 5 minutes for Kate and 10 minutes for Mary topass the tunnel. Find the minimum time in whi
h they 
an all get through thetunnel.2. Does there exist an integer 
ontaining only digits 2 and 0 , whi
h is a k -th powerof a positive integer with k > 2?3. Prove that for positive real numbers a , b and 
 the inequality2(a4 + b4 + 
4) < (a2 + b2 + 
2)2holds if and only if there exists a triangle with side lengths a , b and 
 .4. All verti
es of a 
onvex quadrilateral ABCD lie on a 
ir
le ! . The rays AD ,BC interse
t in point K and the rays AB , DC interse
t in point L . Prove thatthe 
ir
um
ir
le of triangle AKL is tangent to ! if and only if the 
ir
um
ir
leof triangle CKL is tangent to ! . 12



5. There is a lottery at John's birthday party with a 
ertain number of identi
alprizes, whereas ea
h of the guests 
an win at most one prize. It is known thatif there was one prize less than there a
tually is, then the number of possibledistributions of the prizes among the guests would be 50% less than it a
tuallyis, while if there was one prize more than there a
tually is, then the number ofpossible distributions of the prizes would be 50% more than it a
tually is. Findthe number of possible distributions of the prizes.Solutions of Final Round9-1. Answer: 45Æ .Let AM be the perpendi
ular drawn from A to KL (see Figure 6). Sin
e ABKand AMK are 
ongruent right triangles then jAM j = jABj = jADj , i.e. AMLand ADL are also 
ongruent right triangles, and6 KAL = 6 KAM + 6 LAM = 6 KAB + 6 LAD ;when
e26 KAL = 6 KAM + 6 LAM + 6 KAB + 6 LAD = 90Æand 6 KAL = 45Æ . �A BCD KL MFigure 69-2. Answer: no.Note that if a , b and 
 satisfy the required 
onditions and one of them is even,then all three are even. Then a2 , b2 and 
2 also satisfy the required 
onditions.Hen
e we 
an assume w.l.o.g. that a , b and 
 are all odd. Also note that noneof these numbers 
an be 5 , sin
e then the other two should also be 5 . Hen
e itsu�
es to 
onsider 1 , 3 , 7 and 9 and one of a , b and 
 must be 3 or 9 � letthis be a . Then b
 is divisible by 3 , whi
h gives fb; 
g = f3; 9g , a 
ontradi
tion.9-3. Answer: 2n� 3 .We 
an assume w.l.o.g. that a1 < a2 < : : : < an . Thena1 + a2 < a1 + a3 < : : : < a1 + an < a2 + an < : : : < an�1 + an ;13
i.e. there are at least 2n � 3 distin
t sums. Taking ai = i we have 1 + 2 = 3as the minimal sum and (n � 1) + n = 2n� 1 as the maximal sum, so there areexa
tly 2n� 3 distin
t sums in this 
ase.9-4. Answer: yes.Denote the numbers written by Mary by a , b , 
 , d and e (not ne
essarily distin
t).First John 
an repla
e ea
h of a and b by x = 
+d�e . Then he 
an repla
e ea
hof 
 and d by e+ x� x = e and �nally repla
e both numbers x by e+ e� e = e :(a; b; 
; d; e)! (x; x; 
; d; e)! (x; x; e; e; e)! (e; e; e; e; e) :9-5. Answer: the exe
uted aborigine was truthful and after the exe
ution only liarsremained on the island.First note that there was a truthful aborigine on the island before the exe
ution,sin
e otherwise all friends of ea
h aborigine would have been liars, and hen
e theiranswers would have been true � a 
ontradi
tion.Suppose now there was a truthful aborigine on the island after the exe
ution.Then both his answers must have been true � but this is impossible sin
e theexe
ution of one aborigine 
ould not 
hange the di�eren
e of the numbers of liarsand truthful aborigines among his friends from positive to negative.10-1. Let m = dm0 and n = dn0 where g
d (m0; n0) = 1 . Then v = m0n0d and we have3m0d+n0d = 3m0n0d+d , yielding 3m0+n0 = 3m0n0+1 and (3m0�1)(n0�1) = 0 .Sin
e 3m0 � 1 6= 0 , then n0 � 1 = 0 and hen
e n = d divides m .10-2. If H is the ortho
enter of triangle ABC , then C is the ortho
enter of triangleABH . We'll 
onsider three possible 
ases.(1) If ABC is an a
ute triangle (see Figure 7), then H lies inside triangle ABCand C lies outside triangle ABH , when
e ABH is an obtuse triangle.(2) If ABC is an obtuse triangle with 6 ACB a
ute, then assume w.l.o.g. that6 B is obtuse (see Figure 8). Then C and H lie on opposite sides of AB . Hen
eC is outside triangle ABH , and ABH is an obtuse triangle.(3) If 6 ACB is obtuse (see Figure 9), then C lies inside triangle ABH , when
eABH is an a
ute triangle.�A BH CFigure 7�� � �A AC BB CH HFigure 8 Figure 9� �� �10-3. Answer: 30 . 14



If there are m odd integers among ai , then the maximumnumber of odd integerswritten on the bla
kboard isf(m) = m(m � 1)2 + 2 �m(7 �m) = 12(m2 �m + 28m� 4m2) == 32m(9�m) = 32 ��814 � �92 �m�2�and the maximum value of f(m) is f(4) = f(5) = 30 .It remains to 
he
k that these numbers 
an all be distin
t, e.g. for a1 = 2 , a2 = 4 ,a3 = 6 and a4 = 25 = 52 , a5 = 125 = 53 , a6 = 15625 = 56 , a7 = 9765625 = 510 .
 ss 
 
ss
Figure 10 Figure 1110-4. Answer: 3 + 4p2 .The links of su
h a broken line are the edges of the 
ube (of length 1) and thediagonals of its fa
es (of length p2). Sin
e the line passes ea
h vertex at moston
e, it 
an have at most 7 links. Coloring the verti
es as shown on Figure 10 wesee that opposite verti
es are of di�erent 
olour and the endpoints of the diagonalof ea
h fa
e are of the same 
olour � hen
e an odd number of links have to beedges of the 
ube. Also, it is 
lear from this 
olouring that no more than three
onse
utive links 
an be diagonals (sin
e the 
ube has only 4 verti
es of ea
h
olour). It is now easy to 
he
k that a broken line with 1 edge and 6 diagonals isimpossible, hen
e its length 
annot ex
eed 3 + 4p2; a suitable broken line of thislength is shown on Figure 11.10-5. Answer: 3n + 1 .Let Sn be the sum of the numbers on the bla
kboard after the n-th student. Weshall prove by indu
tion that Sn = 3n + 1 . Indeed, S0 = 2 = 30 + 1 and ea
hnumber that is on the bla
kboard after the k -th student is 
ounted in exa
tly twoof the sums written by the (k+1)-th student, with the ex
eption of the two 1-swritten by the tea
her whi
h are 
ounted only on
e � hen
eSk+1 = Sk + 2Sk � 2 = 3(3k + 1)� 2 = 3k+1 + 1 :15
11-1. Answer: a = �829 .Substituting t = x4 we get a quadrati
 equation in t , and the equation x4 = t0has at most two roots whi
h in this 
ase have equal absolute values. Hen
e thefour roots of the equation x8 + ax4 + 1 = 0 have to be of the form �x0 and�x1 . Assuming w.l.o.g. that x1 > x0 we see that these roots form an arithmeti
progression if and only if x1 = 3x0 . Sin
e the roots of the equation t2+at+1 arethen x40 and 81x40 , we have 81x80 = 1 , yielding x40 = 19 and a = �82x40 = �829 .11-2. Answer: 36 + 25p34 .Consider a triangle ABC with a point P inside su
h that jPAj = 3 , jPBj = 4and jPCj = 5 . Rotating the triangle by 60Æ around C , we map A to B and Bto some B0 (see Figure 12). Then P maps to P 0 , where jP 0Bj = jPAj = 3 ,jP 0B0j = jPBj = 4 and jP 0Cj = jPCj = 5 . Sin
e CPP 0 is an equilateraltriangle then jPP 0j = 5 . Hen
e jPBj2 + jP 0Bj2 = 42 + 32 = 52 = jPP 0j2 ,and 6 PBP 0 = 90Æ . From triangles APB and BP 0B0 we have6 ABP + 6 BAP = 6 ABP + 6 B0BP 0 = 120Æ � 90Æ = 30Æand 6 APB = 180Æ � 30Æ = 150Æ . The 
osine law in APB now givesjABj2 = jAP j2+ jBP j2 � 2 � jAP j � jBP j � 
os 6 APB = 25 + 12p3and the area is S = p34 � jABj2 = 36 + 25p34 .554 3 4 3� AB CPP 0B0 Figure 1211-3. Answer: no.The initial 2002-digit number 999 : : :9 is 
ongruent to 3 modulo 4 . If N = aband N is 
ongruent to 3 modulo 4 then one of a and b is 
ongruent to 3 andthe other is 
ongruent to 1 modulo 4 and the same is true for a0 and b0 . Hen
eat all times there is a number on the bla
kboard whi
h is 
ongruent to 3 modulo4 , while 9 is 
ongruent to 1 modulo 4 .16



11-4. Answer: 6 .If there are four integers and one non-integer among ai then N = 6 . To provethe maximality we denote the fra
tional part of x by fxg and note that:(a) if fag 6= fbg and 
 is any real number then at most one of 
 + a and 
 + bis an integer;(b) if a = b then a+ b is an integer if and only if fag = 0 or fag = 0;5 ;(
) if fag 6= fbg and a+ b is an integer then neither fag nor fbg is 0 or 0;5 .Considering now the possible partitions of the set fa1; a2; a3; a4; a5g to subsets(of elements with equal fra
tional parts) and keeping in mind the above remarks(a), (b) and (
) we see that the only 
ase when there 
an be more than 6 integersums ai + aj is when fa1g = fa2g = fa3g = fa4g = fa5g , and in this 
ase allthese sums are integers.11-5. Answer: 2k�1(2k�1 � 1) for n = 2k , and 0 for n = 2k + 1 .Colour the verti
es of the o
tagon alternately bla
k and white. Sin
e A and Bare of the same 
olour and in ea
h minute the robot moves from a vertex of one
olour to a vertex of the opposite 
olour, then n must be even.We now label the verti
es by 1 to 8 so that A = 1 and B = 5 , and denote bya(k) = (a(k)1 ; a(k)2 ; : : : ; a(k)8 ) the numbers of possibilities, for the robot to rea
hverti
es 1; 2; : : : ; 8 from A = 1 in k minutes. Using indu
tion by m we shallprove that for any m > 1a(2m) = (22m�2 + 2m�1; 0; 22m�2; 0; 22m�2 � 2m�1; 0; 22m�2; 0) :Obviously we have a(2) = (2; 0; 1; 0; 0; 0; 1;0) . Suppose now that the 
laim is truefor m = k and denote 2k�1 = s , thena(2k) = (s2 + s; 0; s2; 0; s2 � s; 0; s2; 0) :Sin
e the robot 
an move to any vertex M from either of its neighbouring verti
es,we havea(2k+1) = (0; 2s2 + s; 0; 2s2 � s; 0; 2s2 � s; 0; 2s2 + s)and similarlya(2k+2) = (4s2 + 2s; 0; 4s2; 0; 4s2 � 2s; 0; 4s2; 0) :Sin
e 4s2 = 22k and 2s = 2k , we have proved the 
laim for m = k + 1 . Hen
ethe number of possibilities to rea
h B = 5 from A = 1 in n = 2k minutes is22k�2� 2k�1 = 2k�1(2k�1 � 1) .12-1. Answer: 17 minutes. 17
Note that it is possible to get everyone through the tunnel in 17 minutes:1) Peter and John go through the tunnel (2 minutes);2) Peter brings ba
k the tor
h (1 minute);3) Kate and Mary go through the tunnel (10 minutes);4) John brings ba
k the tor
h (2 minutes);5) Peter and John go through the tunnel (2 minutes).It remains to show the minimality of this total. Clearly they have to go throughthe tunnel an odd number of times and bring ba
k the tor
h at least twi
e, hen
ethey have to go through the tunnel at least 3 times in one dire
tion and 2 timesin another dire
tion. If they go through the tunnel 7 or more times then the totaltime 
annot be less than 10+2+5 �1 = 17 minutes. If they go through the tunnel5 times then ea
h pass in the �initial� dire
tion takes at least 2 minutes and oneof these (with Mary) takes 10 minutes. If Peter brings ba
k the tor
h both timesthen Kate and Mary 
annot go through the tunnel together and they need at least10+ 5+ 2+ 2 � 1 = 17 minutes. If someone else brings ba
k the tor
h at one timethen they need at least 10 + 2 + 2 + 2 + 1 = 17 minutes.12-2. Answer: no.Consider an integer N 
ontaining only digits 2 and 0 and ending in t zeroes(t > 0), thenN = 2 : : :2 � 10t = 1 : : :1 � 2t+1 � 5t ;where the dotted part in 2 : : :2 
an 
ontain both 2-s and 0-s (in 1 : : :1 both 1-sand 0-s respe
tively). Sin
e 1 : : :1 is not divisible by 2 or 5 then in the 
asewhen N = nk both t+ 1 and t have to be multiples of k , yielding k = 1 .12-3. The given inequality is equivalent toa4 + b4 + 
4 � 2a2b2 � 2b2
2 � 2
2a2 < 0 :Transforming the left side of this inequality we havea4 + b4 + 
4 � 2a2b2 � 2b2
2 � 2
2a2 = (a2 + b2 � 
2)2 � 4a2b2 == (a2 + b2 � 
2 � 2ab)(a2 + b2 � 
2 + 2ab) == �(a� b)2 � 
2)��(a+ b)2 � 
2� == (a� b+ 
)(a � b� 
)(a+ b+ 
)(a + b� 
) :Hen
e the given inequality is equivalent to(a+ b+ 
)(a+ b � 
)(b+ 
� a)(
+ a � b) > 0 : (1)Here the �rst term is positive and at most one of the other three 
an be negative(e.g. a+ b� 
 < 0 and b+ 
�a < 0 would give 2b < 0 � a 
ontradi
tion). Hen
e(1) holds if and only if a , b and 
 satisfy the triangle inequalities.18



12-4. Let !1 and !2 be the 
ir
um
ir
les of triangles AKL and CKL (see Figure 13).Suppose that ! and !2 are tangent to ea
h other in point C , and let l2 be their
ommon tangent. Then6 KLC = 6 KCl2 = 6 BCl2 = 6 BDC :Hen
e KL k BD and 6 ADB = 6 AKL � therefore then angle between AB andthe tangent to ! in A is equal to the angle between AL and the tangent to !1in A . Sin
e the points A , B , L are 
ollinear then the tangents to ! and !1 inA 
oin
ide, i.e. these 
ir
les are tangent to ea
h other.This argument 
an be reversed to show that ! and !1 being tangent to ea
h otherin A implies ! and !2 being tangent to ea
h other in C .K LCD BA l2
l1 ! !2!1q q q qq qFigure 13Alternative solution. Let !1 and !2 be the 
ir
um
ir
les of triangles AKLand CKL . If ! and !1 are tangent to ea
h other in A then some homoth-ety relative to A maps ! to !1 . Sin
e K is the interse
tion point of AD with!1 and L is the interse
tion point of AB with !1 , and points B and D lie on ! ,then this homothety takes D to K and B to L , when
e KL k BD . Sin
e BKand DL interse
t in C then some homothety relative to C maps B to K andD to L . This homothety then maps the 
ir
um
ir
le ! of triangle CDB to the
ir
um
ir
le !2 of triangle CKL . Hen
e ! and !2 are tangent to ea
h otherin C .Similarly we 
an show that ! and !2 being tangent to ea
h other in C implies! and !1 being tangent to ea
h other in A .12-5. Answer: 2002 . 19

We have �nk� possible distributions of k prizes among n guests, and� nk+1� = n�kk+1 ��nk� : (2)Let n be the number of guests and m the a
tual number of prizes, then wehave �nm� = 2 � � nm�1� and � nm+1� = 32 � �nm� . Substituting from (2) wehave n�m+1m � � nm�1� = 2 � � nm�1� and n�mm+1 � �nm� = 32 � �nm� . Hen
en �m + 1 = 2m , yielding n = 3m � 1 , and 2(n � m) = 3(m + 1) . Plugging inn = 3m � 1 here we have 4m � 2 = 3m + 3 , when
e m = 5 and n = 14 . Itremains to 
al
ulate �145 � = 2002 .IMO Team Sele
tion Test: May 2002First Day1. The prin
ess wishes to have a bra
elet with r rubies and s emeralds arrangedin su
h order that there exist two jewels on the bra
elet su
h that starting withthese and enumerating the jewels in the same dire
tion she would obtain identi
alsequen
es of jewels. Prove that it is possible to ful�ll the prin
ess's wish if andonly if r and s have a 
ommon divisor.2. Consider an isos
eles triangle KL1L2 with jKL1j = jKL2j , and let KA , L1B1 ,L2B2 be its angle bise
tors. Prove that 
os 6 B1AB2 < 35 .3. In a 
ertain 
ountry there are 10 
ities 
onne
ted by a network of one-way nonstop�ights so that it is possible to �y (using one or more �ights) from any 
ity to anyother. Let n be the least number of �ights needed to 
omplete a trip startingfrom one of the 
ities, visiting all others and returning to the starting point. Findthe greatest possible value of n .Se
ond Day4. Let ABCD be a 
y
li
 quadrilateral su
h that 6 ACB = 26 CAD and6 ACD = 26 BAC . Prove that jCAj = jCBj+ jCDj .20



5. Let 0 < � < �2 and x1; x2; : : : ; xn be real numbers su
h thatsinx1 + sinx2 + : : :+ sinxn > n � sin� :Prove thatsin(x1 � �) + sin(x2 � �) + : : :+ sin(xn � �) > 0 :6. Pla
e a pebble at ea
h non-positive integer point on the real line, and let n be a�xed positive integer. At ea
h step we 
hoose some n 
onse
utive integer points,remove one of the pebbles lo
ated at these points and rearrange all others arbi-trarily within these points (pla
ing at most one pebble at ea
h point).Determine whether there exists a positive integer n su
h that for any given N > 0we 
an pla
e a pebble at a point with 
oordinate greater than N in a �nite numberof steps des
ribed above.Solutions of Sele
tion Test1. Note that if g
d (r; s) = d > 1 then the prin
ess's wish 
an be ful�lled. Let r0 = rdand s0 = sd � we pla
e on the bra
elet r0 rubies and s0 emeralds, then again r0rubies and s0 emeralds, et
. (d times) � now any two jewels at distan
e r0 + s0have the required property.Suppose now that the required ordering exists. Label the positions on the bra
eletby 0; : : : ; n�1 where n = r+s (thinking of them as modulo n) and denote by P (i)the jewel at position i for an ordering P . It su�
es to show that g
d (r; n) > 1 .Let P be the required ordering, and let a , a+i (where 0 < i < n) be the positionsof the two jewels mentioned in the 
ondition. Then P (a+ j) = P (a + i + j) forany j > 0 and hen
e P (b) = P (b + i) = P (b + 2i) = : : : for any position b . Letk be the smallest positive integer su
h that n divides ki , and let R be the set ofall positions with rubies. For any b in R we have k distin
t rubies at positionsb; b + i; : : : ; b + (k � 1)i : denote the set of these rubies O(b) and 
all the orbitof b . A standard argument shows that the set of all rubies on the bra
elet isthe disjoint union of some number of orbits, with ea
h orbit 
ontaining k rubies.Hen
e k divides r and sin
e n divides ki with 0 6 i < n then g
d (r; n) > 1 .2. Denote � = 6 L1KL2 , � = 6 KL1L2 = 6 KL2L1 and � = 6 B1AB2 (see Fig-ure 14). Sin
e B1 and B2 are symmetri
 relative to KA , we have B1B2 ? KAand B1B2 k L1L2 , i.e. triangle AB1B2 is isos
eles and AK is its angle bise
tor.Sin
e 6 B2B1L1 = 6 L2L1B1 = 6 B2L1B1 , then B2L1B1 is also isos
eles. Denotes = jB1B2j = jB2L1j and t = jAB1j = jAB2j .21
The sine rule in triangle AL1B2 yieldsst = sin 6 B2AL1sin � = 
os �=2
os�=2and �st �2 = 1 + 
os �1 + 
os� . The 
osine rule in triangle AB1B2 yieldss2 = t2 + t2 � 2t2 
os � = 2t2(1� 
os �);and �st �2 = 2(1� 
os �) . Hen
e 1 + 
os �1 + 
os� = 2(1� 
os �) and
os � = 1 + 2 
os�3 + 2 
os� = 1� 23 + 2 
os� < 1� 25 = 35 :

L2 A L1B1 B2K Ds ss t t�2�2Figure 143. Answer: 30 .Let L1; : : : ; L10 be the 
ities and denote by xij the minimum number of �ightsrequired to rea
h Lj from Li . Letm = maxi6=j xij ;we 
an assume w.l.o.g. that i = 1 , j = m + 1 and the shortest path from L1 toLm+1 isL1; L2; : : : ; Lm; Lm+1 :We 
ontinue this path, �ying from Lm+1 to Lm+2 , then to Lm+3 et
. and �nallyfrom Ln ba
k to L1 :L1; L2; : : : ; Lm; Lm+1 ! Lm+2 ! : : :! Ln ! L1 :22



Here ea
h of the 10 � (m+1) + 1 = 10 �m se
tions denoted by arrows 
ontainsat most m �ights, hen
e the entire round-trip 
ontains at mostm +m � (10�m) = m � (11�m) 6 �m+ 11�m2 �2 = 1214�ights, i.e. no more than 30 �ights.An example of a network requiring exa
tly 30 �ights is shown on Figure 15.
Figure 15rrrrr r r r r r ��2�2� AB C DFigure 164. Denote 6 CAD = � and 6 BAC = � , then 6 ACB = 2� and 6 ACD = 2� (seeFigure 16). Sin
e ABCD is 
y
li
 then 3�+ 3� = 6 BCD + 6 BAD = 180Æ and�+ � = 60Æ . Applying the sine rule to triangles ABC and ACD givesjCBj = 2R � sin � ; jCDj = 2R � sin� ; jCAj = 2R � sin(�+ 2�) ;where R is the 
ir
umradius of ABCD . Hen
e it is su�
ient to show thatsin�+ sin � = sin(�+ 2�) if �+ � = 60Æ . Indeed:sin�+ sin� = 2 sin �+ �2 
os �� �2 = 2 � 12 � 
os��+ �2 � �� == 
os(30Æ � �) = sin(60Æ + �) = sin(�+ 2�) :5. Suppose the 
laim does not hold, i.e.sin(x1 � �) + sin(x2 � �) + : : :+ sin(xn � �) < 0whi
h gives
os x1 + : : :+ 
osxn > 
os�sin� � (sinx1 + : : :+ sinxn) > n � 
os�and hen
e(sinx1 + : : :+ sinxn)2 + (
os x1 + : : :+ 
os xn)2 > n2 :23

On the other hand,(sinx1 + : : :+ sinxn)2 + (
os x1 + : : :+ 
os xn)2 = nXi=1 nXj=1 
os(xi � xj) 6 n2 ;a 
ontradi
tion.6. Answer: there is no su
h n .For n = 1 and n = 2 we 
annot pla
e a pebble in any point with a positive
oordinate � hen
e let n > 3 . Consider the in�nite sumS = ax1 + ax2 + ax3 + : : :where x1; x2; x3; : : : are the 
oordinates of the points with pebbles at somegiven moment and a a positive real number to be determined later. Weshow that it is possible to 
hoose a a

ording to n so that the initial sumS0 = a0 + a�1 + a�2 + a�3 + : : : 
onverges (for this it su�
es to have a > 1)and at ea
h step the sum S 
an only de
rease. Hen
e we always have S 6 S0and it is impossible to pla
e a pebble at a point with an arbitrarily large positive
oordinate N , sin
e for su�
iently large N we have aN > S0 .To show this 
onsider for n = 2k � 1 the equation1 + x+ x2 + : : :+ xk�1 = xk + : : :+ x2k�2 (3)and for n = 2k the equation1 + x+ x2 + : : :+ xk�1 = xk+1 + : : :+ x2k�1 : (4)For 0 6 x 6 1 the left side ex
eeds the right side but for su�
iently large positivex the right side ex
eeds the left side. Hen
e the equation has a root a > 1 . Itremains to show that for any integers m and t su
h that 1 6 t 6 hn+ 12 i thesum of any t � 1 elements of A = fam; am+1; : : : ; am+n�1g does not ex
eed thesum of any t elements of A (here m; : : : ; m+n� 1 are the 
hosen n 
onse
utiveinteger points and t is the number of points having a pebble before this step andno pebble after this step � hen
e t�1 points have no pebble before this step anda pebble after this step). Note that it su�
es to have m = 0 and prove that thesum of t�1 largest elements of A does not ex
eed the sum of t smallest elements,i.e.1 + a+ a2 + : : :+ at�1 > an�t+1 + : : :+ an�1 ;where 1 6 t 6 hn + 12 i = k . This dire
tly follows from (3) or (4) for x = a andfrom the fa
t that sin
e a > 1 then deleting an equal number of terms from ea
hside makes the left side larger than the right side.24


