
Estonian math ompetitions 2002/2003We thank the IMO ommunity for many of these problems whih have been takenfrom various materials distributed at the reent IMO-s.Autumn Open Contest: Otober 2002Juniors (up to 10th grade)All inner angles of a 7-gon are obtuse, their sizes in degrees being pairwise di�erentinteger numbers divisible by 9. Find the sum of the two biggest angles of this 7-gon.2. Cirles with entres O1 and O2 interset in two points, let one of whih be A .The ommon tangent of these irles touhes them respetively in points P andQ . It is known that points O1 , A and Q are on a ommon straight line andpoints O2 , A and P are on a ommon straight line. Prove that the radii of theirles are equal.3. A 4-digit number abd is divisible by the produt of 2-digit numbers ab and d.Find all 4-digit numbers with suh property.4. Mari and Jüri ordered a round pizza. Jüri ut the pizza into four piees by twostraight uts, none of whih passed through the entre point of the pizza. Marian hoose two piees not aside of these four, and Jüri gets the rest two piees.Prove that if Mari hooses the piee that overs the entre point of the pizza, shewill get more pizza than Jüri.5. The lok on the wall shows four numbers (possible times from 00:00 to 23:59),the shapes of the numbers being as shown in the piture.a) How many times a day does the mirror image of the lok on the wall or-respond to some time (the mirror image of number 1 is equal to number1)?b) How many times a day does the mirror image of the lok on the wall orre-spond to the same time as the lok?1
Seniors (grades 11 and 12)1. Find all quadruples of integer numbers (a; b; ; d) for whih52a � 77b � 88 � 91d = 2002 :2. Four rays spread out from point O in a 3-dimensional spae in a way that theangle between every two rays is � . Find os� .3. Three onseutive positive integers eah happen to be a power of some primenumber. Find all triples of integers with this property.4. n points of integral oordinates in the plane have been painted white. If somepoints A and B are white, we may paint white the point symmetrial to A inrespet to B (at every step we paint only one new point). For whih smallestnatural number n an the initial n points be hosen in a way that any point ofintegral oordinates ould be painted white in a �nite number of steps?5. During an eletion ampaign K tabloid newspapers published ompromising ma-terial about P politiians; every politiian being written about in an odd numberof newspapers and every newspaper writing about an odd number of politiians.a) Prove that the number of newspapers K and the number of politiians P areeither both odd or both even numbers.b) Find the total number of all possibilities whih newspaper wrote about whihpolitiians.Solutions of Autumn Open ContestJ1. Answer: 315Æ .Let the interior angles of the 7-gon in degrees be 9a1; 9a2; : : : ; 9a7 , wherea1; a2; : : : ; a7 are integers and a1 < a2 < : : : < a7 . As all the interior anglesare obtuse, we have a1 > 11 anda1 + a2 + : : :+ a7 > 11 + 12 + 13 + 14+ 15 + 16 + 17 = 98 :On the other hand a1+a2+ : : :+a7 = 100 , beause the sum of the interior anglesof a 7-gon is (7 � 2) � 180Æ = 900Æ . Bearing in mind that a1 < a2 < : : : < a7we �nd that the only possibilities are (a1; a2; : : : ; a7) = (11; 12; 13; 14;15;17;18)and (a1; a2; : : : ; a7) = (11; 12; 13; 14; 15; 16; 19) . In either ase the sum of the twobiggest angles is 9 � (a6 + a7) = 9 � 35 = 315Æ .J2. Solution 1. By onstrution 6 O1PQ = �2 = 6 PQO2 . We also havejO1P j = jO1Aj and jO2Qj = jO2Aj that implies6 O1PA = 6 PAO1 = 6 O2AQ = 6 AQO2:2



Consequently 6 AO1P = 6 QO2A and6 APQ = �2 � 6 O1PA = �2 � 6 AQO2 = 6 PQA :Thus the triangles O1PQ and O2QP are similar beause the respetive anglesare equal. As PQ is their ommon side, these triangles are ongruent, givingjO1P j = jO2Qj .Solution 2. Let 6 O1QP = 6 AQP = � . As 6 O1PQ = 90Æ , we have6 PO1A = 6 PO1Q = 90Æ � � . Beause the triangle PO1A is isoseles, we obtain6 O1PA = 6 O1AP = 12�180Æ � (90Æ � �)� = 45Æ + �2 :On the other hand 6 PQO2 = 90Æ implies 6 AQO2 = 90Æ�� . The triangle AQO2is isoseles, onsequently 6 AQO2 = 90Æ�� . The onditions of the problem imply6 O2AQ = 6 O1AP , therefore45Æ + �2 = 90Æ � � ;giving � = 30Æ . Thus 6 PO1A = 60Æ and 6 O1AP = 6 O2AQ = 60Æ , i.e. thetriangles O1AP and O2AQ are equilateral. As 6 O1PQ = 6 PQO2 = 90Æ , thedistane of the point A to the straight line PQ is equal to 12 jO1P j . On the otherhand the distane equals 12 jO2Qj , giving us jO1P j = jO2Qj .PSfrag replaements AO1 O2P QFigure 1J3. Answer: 1352 , 1734 .We need the integer abd = 100 � ab + d be divisible by ab , therefore d mustbe divisible by ab . Let d = n � ab , then n is a one-digit number (sine a 6= 0).The neessary ondition that abd = (100 + n) � ab would be divisible by ab � d3
is that 100 + n is divisible by d . We have obtained 100 + n = k � d = k � n � ab(where k > 1 , beause 100+n is a 3-digit and d is a 2-digit number). Therefore100 must be divisible by a one-digit number n , implying n equals 1, 2, 4 or 5.Consider these four ases separately.1) Case n = 1 gives the equation 101 = k � ab . As 101 is prime and k > 1 , thisase has no solutions.2) Case n = 2 gives 102 = k � 2 � ab that implies 51 = k � ab . As 51 = 3 � 17 , theonly possibility is k = 3 , ab = 17 , and we obtain one 4-digit answer 1734 .3) Case n = 4 gives 104 = k � 4 � ab that implies 26 = k � ab . As 26 = 2 � 13 , theonly possibility is k = 2 , ab = 13 , and we obtain one 4-digit answer 1352 .4) Case n = 5 gives 105 = k � 5 � ab that implies 21 = k � ab . As 21 = 3 � 7 ,this ase has no solutions (the number 21 annot be expressed as a produt of a2-digit number and a number exeeding 1).J4. Construt a straight line parallel to one of the uts passing through the entrepoint of the pizza O � this line passes through two piees of all four, dividingboth into two parts. Let a , b ,  and d be areas as shown in the �gure 2. If Marihooses the piee having the entre point of the pizza, the total area of her shareis (a + b) + ( � d) and the total share of Jüri is (a � b) + ( + d) . To ompletethe solution, one has to prove that a+ b+ � d > a� b+ + d , or b� d > d� b .This is similar to b > d that evidently holds.
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PSfrag replaements O abd Figure 2J5. Answer: a) 121 ; b) 11 .a) The numbers having a number as its mirror image are 0, 1, 2, 5 and 8. Thenumber 8 an only be the last digit of hours or minutes, the mirror image of whihis respetively the �rst digit of minuts or hours, implying that 8 annot be in anytime onsidered in the problem. Thus the �rst digit of hours an be 0 , 1 or 2 andthe last digit of hours an be 0 , 1 , 2 or 5 , totally giving 3 � 4� 1 = 11 numbers(25 is not an hour) as hour time. Sine the mirror image of minutes is hours, theminutes an be any of these 11 numbers. Consequently the mirror image of thelok orresponds to some time 11 � 11 = 121 times a day.4



b) For having the mirror image time equal to the real image time, the minutesmust equal the mirror of the hours, i.e. any of the hours possible found in a) givesexatly one suh time. Therefore the mirror image time equals the real image time11 times a day.S1. Answer: the only suh quadruple is (2; 2;�1;�1) .After fatorisation of the bases of powers and 2002 , we may rewrite the givenequation as(22a � 13a) � (7b � 11b) � (23 � 11) � (7d � 13d) = 2 � 7 � 11 � 13or in the form22a+37b+d11b+13a+d = 2 � 7 � 11 � 13:For the last equation to hold, the powers of respetive primes on the left and rightside must be equal. This implies a system of equations8>><>>: 2a+ 3 = 1b+ d = 1b+  = 1a+ d = 1 :The seond and the third equation give  = d , and the seond and the fourtha = b . Multiplying the third equation by 2 and subtrating from the �rst gives = �1 and b = 2 . The rest of the unknown variables must then be a = 2and d = �1 . We have obtained the only quadruple satisfying the onditions(2; 2;�1;�1) .S2. Answer: �13 .Consider the points A1 , A2 , A3 and A4 on the respetive rays equidistant fromO . Consider any pair of points Ai1 ; Aj1 and Ai2 ; Aj2 , where i1 6= j1 and i2 6= j2 .As jOAi1j = jOAi2 j and jOAj1 j = jOAj2j , also 6 Ai1OAj1 = � = 6 Ai2OAj2 ,we obtain that the triangles OAi1Aj1 and OAi2Aj2 are ongruent, implyingjAi1Aj1 j = jAi2Aj2 j . Therefore all segments AiAj , where i 6= j are of equallengths. Consequently all the faes of AiAjAk , having i; j; k pairwise di�erent,are equilateral triangles, and A1A2A3A4 is a regular tetrahedron.Cut this tetrahedron with a plane ! ontaining the points O , A1 and A2 . Thestraight line A1O passes through the triangle A2A3A4 in its entre M1 and thestraight line A2O passes through the triangle A1A3A4 in its entre M2 (see �gure3). By onstrution M1 and M2 are on the plane ! . The straight line A2M1as a median of the triangle A2A3A4 bisets the segment A3A4 and the straightline A1M2 as a median of the triangle A1A3A4 bisets the segment A3A4 as well.5
Hene the entre point K of the segment A3A4 is also on the plane ! , havingjKA1j = jKA2j . As A1M1 ? KA2 and A2M2 ? KA1 , we have that KM1OM2is a yli quadrangle that implies� = 6 A1OA2 = 6 M1OM2 = 180Æ � 6 M1KM2 :As KA2 is a median of A2A3A4 , the ratio jKM1j : jKA2j = 1 : 3 ,therefore os 6 M1KM2 = jKM1jjKA1j = jKM1jjKA2j = 13 . Finally we obtainos� = � os 6 M1KM2 = �13 .
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A3 A4M1 M2OKFigure 3S3. Answer: (1; 2; 3) , (2; 3; 4) , (3; 4; 5) and (7; 8; 9) .At least one of the three onseutive integers is divisible by 2 and hene must bea power of 2 (with positive exponent). Considering 21 = 2 , 22 = 4 and 23 = 8 ,we �nd the solutions. We prove that no more solutions exist. Say 2k belongs toa triple in question, where k > 4 . Sine the only onseutive even numbers thatare powers of 2 are 2 and 4 , the triple must be in the form 2k�1 , 2k and 2k+1 .As one of three onseutive integers is always divisible by 3, one of the numbers2k � 1 and 2k + 1 must be a power of 3 . Consider these two ases separately.1) Say 3n = 2k � 1 ; onsider the sides of the equation modulo 8 : 2k � 1 � 7 , but32x� 1 and 32x+1� 3 , a ontradition.2) Say 3n = 2k + 1 ; onsider the sides of the equation modulo 4 : 2k + 1 � 1and 32x� 1 , 32x+1 � 3 implying that n is even. Now onsider the sides of theequation modulo 7 : sine 23y+ 1 � 2 , 23y+1+ 1 � 3 , 23y+2+ 1 � 5 and 36z� 1 ,36z+2� 2 , 36z+4� 4 at the same time, we must have 2k + 1 = 3n � 2 (mod 7) .6



Consequently the �rst number of the triple 2k � 1 is divisible by 7 , therefore itis a power of 7 : 2k � 1 = 7m . Consider the sides of the equation modulo 16 :2k � 1� 15 , but 72w� 1 , 72w+1� 7 � a ontradition.
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��Figure 4S4. Answer: n = 4 .Solution 1. It is evident that one annot �nd suitable olouring in the ase n = 2(one an only olour the points on the straight line determined by the two initialpoints) and that suitable olouring exists in the ase n = 4 (e.g. olour points(0; 0) , (0; 1) , (1; 0) and (1; 1)).It remains to prove that no suh olouring exists in the ase n = 3 . If onehooses three points ollinear, then no points outside the ommon straight linean be oloured white. Now we prove that if one hooses three points at threeverties of a parallelogram (suh parallelogram always exists if the points are nothosen ollinear), one annot olour the fourth vertex (having evidently integraloordinates) of this parallelogram. For this it su�es to show suh subset of allpoints of integral oordinates that is symmetri in respet of any of its point andontains the three verties of the parallelogram, but does not inlude the fourthvertex. We obtain suh set of points in the following way:(1) Consider a lattie on the plane, the axes of the lattie being determined bythe edges of the parallelogram, one lattie-point in the opposite vertex of theun-oloured vertex and the distane between lattie points being equal totwie the respetive side-length of the parallelogram.(2) Choose the lattie-points and the midpoints of segments that onnet theneighbouring lattie points and are parallel to the axes of the lattie (thesepoints are shown white in �gure 4).7
Remark. The onstrution desribed above an be presented more onveniently ifone performs suh a�ne transdution that takes the three verties of the parallel-ogram to points (0; 0) , (0; 1) and (1; 0) � then the points to be hosen into thesubset are exatly the points at least one of the oordinates of whih is an evennumber.Solution 2. Similarly to the previous solution we notie that it su�es to �nd suha set of points of integral oordinates on the plane that:(i) is symmetrial in respet of every its point (i.e. any point that is symmetrialto any point in the set in respet to any other point in the set also belongs tothe set);(ii) ontains all three initial white points;(iii) does not ontain all points of integral oordinates on the plane.In order to onstrut suh a set we onsider the parities of the three initial pointsand see that one an (if neessary, by shifting the oordinate system by one unit)always obtain the situation where all of these three points have at least one ofthe oordinates an even number. Now the set in question an be expressed by allof these points of integral oordinates on the plane that have at least one of theoordinates an even number (if two points of integral oordinates are symmetrialin respet to some third point of integral oordinates, then the respetive oor-dinates of the two points are of the same parity; the onditions (ii) and (iii) areevidently satis�ed).S5. Answer: b) 2(K�1)(P�1) .Solution 1. a) Consider the situation desribed in the problem as a table onsistingof K rows and P olumns, orresponding respetively to the newspapers and thepolitiians, and olour the square in the ith row and the j th olumn blak inthe ase the ith newspaper wrote about the j th politiian. Let ai and bj berespetively the number of oloured squares in the ith row and in the j th olumn.For a1+: : :+aK = b1+: : :+bP (either sum represents the total number of olouredsquares) and aording to the onditions of the problem all the addends are odd,the ounts of the addends K and P must be of the same parity.b) The number of the squares not being in the last row and in the last olumnis (K � 1)(P � 1) , and as we an either olour or leave unoloured any of thesesquares, the total number of possibilities to olour these squares is 2(K�1)(P�1) .Show that any suh olouring an be ompleted exatly uniquely to the olouringof the whole table satisfying the onditions of the problem (i.e. the number ofoloured squares in every row and in every olumn is odd). Indeed: the squarein the last olumn must be oloured exatly in these rows (from the 1st until the(K � 1)th) that have an even number of squares oloured. After that the squarein the last row must be oloured exatly in these olumns (from the 1st until theP th) that have an even number of squares oloured. It remains to hek that thelast row has an odd number of squares oloured as well � this is proved by the8



fat that the numbers of rows and olumns are by a) odd, all the rows ontainaltogether as many oloured squares as do all the olumns, and all the rows exeptthe last and all the olumns ontain an odd number of oloured squares.Solution 2. a) Consider the situation desribed in the problem as a graph of Kyellow and P brown verties, where one has edges only between verties of di�er-ent olours; an edge between the ith yellow and the j th brown vertex shows thatthe ith newspaper wrote about the j th politiian. Aording to the onditions ofthe problem an odd number of edges emerges from every vertex of the graph, thesum of all these numbers equals twie the number of edges (as every edge ountsat its both vertex) and is thus an even number. Hene the number of vertiesK + P is an even number, implying that K and P are of the same parity.b) Let the yellow verties be A1; : : : ; AK and the brown verties B1; : : : ; BP .One has 2(K�1)(P�1) possibilities for joining the verties A1; : : : ; AK�1 andB1; : : : ; BP�1 (one may or may not have an edge between the verties in anyof the pairs (Ai; Bj)). We shall prove that every suh graph an be ompletedto a graph satisfying the onditions of the problem (i.e. an odd number of edgesemerging from every vertex) by adding edges that emerge from AK and BK in anexatly unique way. Indeed, one must draw edges from the vertex AK exatly intothe verties Bj (j = 1; : : : ; P � 1) that had an even number of edges emerging.After that one must draw edges from the vertex BP exatly into the verties Ai(i = 1; : : : ;K ) that had an even number of edges emerging. It remains to hekthat the vertex BP now also has an odd number of edges � this is proved by thefat that aording to a) the total number of verties is even, all the rest of theverties has an odd number of edges emerging and the total sum of edges emergingfrom any vertex is twie the number of edges, thus an even number.Spring Open Contest: February 2003Juniors (up to 10th grade)1. A four-digit number a not ontaining digit 9 is a square of an integer. If weinrease every digit of a by 1 , we obtain a square of an integer again. Find all4-digit numbers with suh property. 9
2. The shape of a dog kennel from above is an equilat-eral triangle with side length 1 m and its orners inpoints A , B and C , as shown in the piture. Thehain of the dog is of length 6 m and its end is �xedto the orner in point A . The dog himself is in point K in a way that the hainis tight and points K , A and B are on the same straight line. The dog starts tomove lokwise around the kennel, holding the hain tight all the time. How longis the walk of the dog until the moment when the hain is tied round the kennelat full? q qqqK A BC�3. A ar, a motoryle, a moped and a biyle were driving at unvaried speeds in astraight road. At 12:00 the ar passed the moped driving in the same diretion andmet the biyle and the motoryle driving in the opposite diretion respetivelyat 14:00 and 16:00. The motoryle met the moped at 17:00 and passed the biyleat 18:00. At what time did the moped meet the biyle?4. Consider the points A1 and A2 on the side AB of the square ABCD taken insuh a way that jABj = 3 jAA1j and jABj = 4 jA2Bj , similarly onsider points B1and B2 , C1 and C2 , D1 and D2 respetively on the sides BC , CD and DA .The intersetion point of straight lines D2A1 and A2B1 is E , the intersetionpoint of straight lines A2B1 and B2C1 is F , the intersetion point of straightlines B2C1 and C2D1 is G and the intersetion point of straight lines C2D1 andD2A1 is H . Find the area of the square EFGH , knowing that the area of ABCDis 1 .5. Is it possible to write one of the letters A , B , C or D in every square of anin�nite heked paper in suh a way that every 2 � 2 square ontains all fourletters?Seniors (11th and 12th grade)1. Find the values of sharp angles � and � that satisfy8>><>>: os2�+ os2 � = 32sin� � sin � = 14 :2. Juku has 2003 wooden stiks (nothing is known about their lengths). Juku on-struts a retangle of all these stiks, breaking some stiks into two parts. Findthe least number of breakings that would be su�ient for any lengths of the stiks.3. The sequene fFng is de�ned as follows:F1 = 1 ; F2 = a; Fn = Fn�1 + Fn�2 ; if n > 3 :10



a) Do there exist integers a and N > 1 that no member of the sequene fFngwould be divisible by N ?b) Do there exist integers a and N > 1 that some two onseutive members ofthe sequene fFng would be divisible by N ?4. Consider the points D , E and F on the respetive sides BC , CA and AB of thetriangle ABC in a way that the segments AD , BE and CF have a ommonpointP . Let jAP jjPDj = x , jBP jjPEj = y and jCP jjPF j = z . Prove that xyz � (x+ y + z) = 2 .5. Consider n � n squares painted blak and white as a hessboard in a omputermonitor. One an mark any retangle onsisting of whole squares by mouse-dragging and invert the olours of the squares in a marked retangle by mouse-liking. Find the smallest number of mouse-liks by what one an onvert allthe squares monohrome.Solutions of Spring Open ContestJ1. Answer: 2025 is the only suh number.Solution. Let a = x2 and a+ 1111 = y2 . Then1111 = 101 � 11 = y2 � x2 = (y + x)(y � x)that implies y + x = 101 , y � x = 11 or y + x = 1111 , y � x = 1 . The �rst aseleads to x = 45 , y = 56 and x2 = 2025 . The seond ase leads to x = 555 andy = 556 , but the squares of these numbers are not 4-digit numbers.J2. Answer: 14� m .Solution: The dog's path onsists of six 120Æ ars of a irle, the radii of whihare 6 , 5 , 4 , 3 , 2 ja 1 metres (see �gure 5). Hene the total length of the dog'spath is13 � 2� � (6 + 5 + 4 + 3 + 2 + 1) = 2�3 � 21 = 14� (m):11

q qqq A BCFigure 5KJ3. Answer: At 15.20.Solution 1. Construt a diagram with the graphs of movement of the ar, themotoryle, the moped and the biyle, and have one axis for time in hours andthe other for distane in kilometers. Let A , B , C , D , E and F be points in thisdiagram that respetively orrespond to the meeting of the ar and the moped, thear and the biyle, the ar and the motoryle, the motoryle and the moped,the motoryle and the biyle, and the moped and the biyle (see �gure 6). Inthis ase B is the midpoint of segment AC and D is the midpoint of segment CE .Hene F is the intersetion point of the medians AD and EB in triangle ACE ,implying that jAF j = 23 jADj and the di�erene in �time oordinates� betweenpoints A and F is 23 � (17�12) = 103 hours. Therefore the moped met the biyle103 hours, or 3 hours and 20 minutes later than it met the ar, i.e. at 15.20.
12



A B C D EF12.00 14.00 16.00 18.0017.00 t
x

Figure 6
6 -the arthe mopedthe motorylethe biyleSolution 2. Say �zero time� and �zero point� the time and plae of the meeting ofthe ar and the moped, and let the positive diretion of the axis be the diretionwhere the ar and the moped move. Let the speeds of the ar, the motoryle,the moped and the biyle be respetively a , b ,  and d , then at time t theirrespetive loations are at , 4a� b(t�4) (sine the ar and the motoryle met attime t = 4), t and 2a�d(t�2) (sine the ar and the biyle met at time t = 2).As the motoryle and the moped met at time t = 5 , we obtain an equation4a� b = 5 ; (1)and from the meeting of the motoryle and the biyle at time t = 6 we get4a� 2b = 2a� 4d : (2)What should be omputed is the meeting time of the moped and the biyle,i.e. the time x that satis�es x = 2a � d(x � 2) , or x = 2a+ d+ d . Havingexpressed b from the equation (1) and substituted it into the equation (2), weobtain 4a�2(4a�5) = 2a�4d , or 6a = 10+4d . Adding to both sides 6d gives6(a+ d) = 10(+ d) , implying x = 2a+ d+ d = 2 � 106 = 103 . Therefore the mopedmet the biyle 103 hours or 3 hours 20 minutes later than it met the ar, i.e. at15.20. 13

A BD CA1 A2 B1B2C1C2D1D2 E FGH Figure 7J4. Right triangles AA1D2 and EA1A2 are similar, sine 6 AA1D2 = 6 EA1A2 (see�gure 7). We shall show that jD2A1j = jA1A2j , i.e. these triangles are ongruent.Indeed,jD2A1j =pjD2Aj2 + jAA1j2 =s 116 jABj2 + 19 jABj2 = 512 jABjandjA1A2j = jABj � jAA1j � jA2Bj = �1� 13 � 14�jABj = 512 jABj :Therefore jD2A1j= jA1A2j , jAA1j= jA1Ej , jA2Bj= jD2Aj= jEA2j= jHD2j andjHEj = jHD2j+ jD2A1j+ jA1Ej = jA2Bj + jA1A2j+ jAA1j = jABj :Consequently the squares ABCD and EFGH are of the same side length, i.e.the area of the square EFGH is 1 as well.J5. Answer: no.Solution. Assume the required on�guration of the letters exists. Then no row anontain two similar letters onseutively, therefore one must have three di�erentletters onseutively � without loss of generality assume they be A , B and C .The next row must ontain aligned to them the letters C , D and A , the rowafter the next again has A , B and C , et. We see that any of the three olumnsontains only two letters, a ontradition with the assumption made above.S1. Answer: � = � = 30Æ . 14



Substitutions os2 � = 1�sin2 � and os2 � = 1�sin2 � give a system of equationsimilar to the given system8>><>>: sin2 �+ sin2 � = 12sin� � sin � = 14 :By letting x = sin� and y = sin � , one has a system of equations in x and y8>><>>: x2 + y2 = 12x � y = 14 :Having added two times the seond equation to the �rst, we obtain(x + y)2 = 12 + 2 � 14 = 1 . Sine � and � are aute angles, x and y are pos-itive numbers, therefore x+ y = 1 , or y = 1� x . Substituting it into the seondequation in the system, we obtain x � (1� x) = 14 or0 = x2 � x+ 14 = �x� 12�2 ;from whih x = 12 and � = 30Æ . The equation x + y = 1 now gives y = 12 and� = 30Æ .S2. Answer: 2 .Solution. Juku may ut one stik into two halves; onsider these halves one pairof sides of a retangle and divide the rest of the stiks into two sets A and B . Ifthe total lengths of the stiks in sets A and B are equal, no more stiks need tobe broken � but if, for instane, the total length of the stiks in A is bigger, weput one by one stiks from A to B until the inequality of total lengths reverses.Now it su�es to break the last stik that was put from A to B (in the ase thetotal lengths equalized no breaking is neessary).One does not �nd su�ient to break only 1 stik e.g. in the ase where thelengths are 1 , 2 , . . . , 22002 . If it would be enough to break only one stik inorder to onstrut a retangle, one had its two sides of integer and two sides offrational lengths (if all four sides were of integral length, their sum would be aneven number, but 1 + 2 + : : : + 22002 is odd). Hene one pair of opposite sidesshould be onstruted only of initial stiks, but it is not possible, sine one an�nd a stik longer than the total sum of the others in every subset of the initialstiks. 15
S3. Answer: a) yes; b) no.a) Having a = 3 , the residues of Fn modulo N = 5 are the following1; 3; 4; 2; 1; 3; : : : :Sine every term in the sequene is determined by two previous terms, the residuesmodulo 5 are also determined by two previous residues, hene the quadrupleof residues 1; 3; 4; 2 will repeat in�nitely and onsequently no member of thesequene is divisible by 5 .b) Having written Fn = Fn�1+Fn�2 in the form Fn�2 = Fn�Fn�1 , we see thatevery term of this sequene equals the di�erene of two next onseutive terms.Therefore if some two onseutive terms of the sequene were divisible by N > 1 ,all the terms preeeding them would also be divisible by N , inluding the �rstterm F1 = 1 � a ontradition. Consequently for any hoie of a two onseutiveterms of the sequene are pairwise primes.S4. Let the base points of heights drawn to the segment AB in triangles ABC andABP be respetively K and L (one or both of these points may lie on theextension of side AB ) and let Q be the intersetion point of the segment CKwith straight line s , passing through point P and being parallel to side AB (see�gure 8). Let SXY Z be the area of triangle XY Z , thenjPF jjCF j = jQKjjCKj = jPLjjCKj = SABPSABCand similarly jPDjjADj = SBCPSABC and jPEjjBEj = SACPSABC . SinejPDjjADj = 11 + jAP jjPDj = 11 + xand similarly jPEjjBEj = 11 + y and jPF jjCF j = 11 + z , we have11 + x + 11 + y + 11 + z = SBCP + SACP + SABPSABC = 1 ;or (1+y)(1+z)+(1+x)(1+z)+(1+x)(1+y) = (1+x)(1+y)(1+z) , giving after mul-tipliation and olleting similar terms the required equation xyz�(x+y+z) = 2 .16



A BC DE FPQK L s� �Figure 8S5. Answer: n , if n is even; n� 1 , if n is odd.Solution. Every mouse-lik an onvert monohrome at most 4 pairs of squaresof di�erent olours on the outer edge of the retangle. As one has 4(n � 1) ofsuh pairs initially, one requires at least n�1 mouse-liks. For even n one needsat least n mouse-liks, sine the orner squares are not of same olour and bymarking any retangle ontaining a orner square one onverts monohrome only2 pairs of squares of di�erent olours on the outer edge of the retangle.These numbers prove to be su�ient. We may hoose subsequently the 2nd, 4th,6th, . . . row and then the 2nd, 4th, 6th, . . . olumn� for odd n we have altogether2 � n� 12 = n�1 mouse-liks and for even n we have altogether 2 � n2 = n mouse-liks.Final Round of National Olympiad: Marh 20039th grade1. Let A1 , A2 , . . . , Am and B2 , B3 , . . . , Bn be the points on a irle suh thatA1A2 : : :An is a regular m-gon and A1B2 : : :Bn is a regular n-gon wherebyn > m and the point B2 lies between A1 and A2 . Find 6 B2A1A2 .2. Find all positive integers n suh thatn+ hn6 i 6= hn2 i+ h2n3 i :Here [x℄ denotes the largest integer not greater than x .3. In the retangle ABCD with jABj < 2jADj , let E be the midpoint of AB andF a point on the hord CE suh that 6 CFD = 90Æ . Prove that FAD is anisoseles triangle. 17
4. Ella the With was mixing a magi elixir whih onsisted of three omponents:140 ml of reindeer moss tea, 160 ml of �y agari extrat, and 50 ml of moonshine.She took an empty 350 ml bottle, poured 140 ml of reindeer moss tea into it andstarted adding �y agari extrat when she was disturbed by its blak at Me�sto.So she mistakenly poured too muh �y agari extrat into the bottle and notiedher fault only later when the bottle �lled before all 50 ml of moonshine was added.Ellamade quik alulations, arefully shaked up the ontents of the bottle, pouredout some part of liquid and added some amount of mixture of reindeer moss teaand �y agari extrat taken in a ertain proportion until the bottle was full againand the elixir had exatly the right ompositsion. Whih was the proportion ofreindeer moss tea and �y agari extrat in the mixture that Ella added into thebottle?5. Is it possible to over an n� n hessboard whih has its enter squareut out with tiles shown in the piture (eah tile overs exatly 4squares; tiles an be rotated and turned around) if a) n = 5 ; b)n = 2003?10th grade1. The piture shows 10 equal regular pentagons where eahtwo neighbouring pentagons have a ommon side. Thesmaller irle is tangent to one side of eah pentagon andthe larger irle passes through the opposite verties ofthese sides. Find the area of the larger irle if the area ofthe smaller irle is 1 .2. Find all possible integer values of m2 + n2mn where m and n are integers.3. In the aute-angled triangle ABC all angles are greater than 45Æ . Let AM andBN be the heights of this triangle and let X and Y be the points on MA andNB , respeively, suh that jMXj = jMBj and jNY j = jNAj . Prove that MNand XY are parallel.4. Let a , b , and  be positive real numbers not greater than 2 . Prove the inequalityaba+ b+  6 43 :5. The game Clobber is played by two on a strip of 2k squares. At the beginningthere is a piee on eah square, the piees of both players stand alternatingly. Ateah move the player shifts one of his piees to the neighbouring square that holds18



a piee of his opponent and removes his opponent's piee from the table. Themoves are made in turn, the player whose opponent annot move anymore is thewinner.Prove that if for some k the player who does not start the game has the winningstrategy, then for k + 1 and k + 2 the player who makes the �rst move has thewinning strategy.11th grade1. Juhan is touring in Europe. He stands on a highway and wathes ars. There arethree ars driving along the highway at onstant speeds: an Opel and a Trabant inone diretion and a Meredes in the opposite diretion. At the moment when theTrabant passes Juhan, the Opel and the Meredes lie at equal distanes from himin opposite diretions. At the moment when the Meredes passes Juhan, the Opeland the Trabant lie at equal distanes from him in opposite diretions. Prove thatat the moment when the Opel passes Juhan, also the Meredes and the Trabantlie at equal distanes from him in opposite diretions.2. Prove that for all positive real numbers a , b , and 3pab+ 1a + 1b + 1 > 2p3 :When does the equality our?3. Let ABC be a triangle and A1 , B1 , C1 points on BC , CA , AB , respetively,suh that the lines AA1 , BB1 , CC1 meet at a single point. It is known that A ,B1 , A1 , B are onyli and B , C1 , B1 , C are onyli. Prove that a) C , A1 ,C1 , A are onyli; b) AA1 , BB1 , CC1 are the heights of ABC .4. Prove that there exist in�nitely many positive integers n suh that pn is notan integer and n is divisible by [pn℄ . (Here [x℄ denotes the largest integer notgreater than x .)5. For whih positive integers n is it possible to over a (2n+1)� (2n+1)hessboard whih has one of its orner squares ut out with tiles shownin the �gure (eah tile overs exatly 4 squares; tiles an be rotatedand turned around)? 19
12th grade1. Jüri and Mari both wish to tile an n � n hessboard with ards shownin the piture (eah ard overs exatly one square). Jüri wants that foreah two ards that have a ommon edge, the neighbouring parts are ofdi�erent olor, and Mari wants that the neighbouring parts are always of the sameolor. How many possibilities does Jüri have to tile the hessboard and how manypossibilities does Mari have?2. Solve the equation px = log2 x .3. Let ABC be a triangle with 6 C = 90Æ and D a point on the ray CB suh thatjACj � jCDj = jBCj2 . A parallel line to AB through D intersets the ray CA atE . Find 6 BEC .4. Call a positive integer lonely if the sum of reiproals of its divisors (inluding1 and the integer itself) is not equal to the sum of reiproals of divisors of anyother positive integer. Prove that a) all primes are lonely; b) there exist in�nitelymany non-lonely positive integers.5. On a lottery tiket a player has to mark 6 numbers from 36. Then 6 numbers fromthese 36 are drawn randomly and the tiket wins if none of the numbers that ameout is marked on the tiket. Prove that a) it is possible to mark the numbers on9 tikets so that one of these tikets always wins; b) it is not possible to mark thenumbers on 8 tikets so that one of tikets always wins.Solutions of Final Round9-1. Answer: �m � �n .Let O be the enter of the irle. Then6 B2A1A2 = 6 B2OA2=2 = (6 A1OA2 � 6 A1OB2)=2 = �=m� �=n .9-2. Answer: n = 6k + 1 where k = 0 , 1 , . . .If the equality holds (does not hold) for some n , then it holds (doesnot hold) for n + 6 . Indeed, (n + 6) + hn+ 66 i = n + hn6 i + 7 andhn+ 62 i+ h2(n+ 6)3 i = hn2 i+ h2n3 i+7 . Therefore it su�es to hek the valuesn = 0 , 1 , 2 , 3 , 4 , 5 . Doing so, we �nd that n = 1 is the only ase when theequality is violated. 20



9-3. Sine E is the midpoint of AB , the right-angled triangles EAD and EBCare ongruent. Also, sine 6 DAE = 6 DFE = 90Æ , the quadrilateral AEFDis yli. Therefore 6 AFD = 6 AED = 6 BEC . On the other hand,6 ADF = 180Æ � 6 AEF = 6 BEC . Hene 6 AFD = 6 ADF .Solution 2. Let K be the intersetion of CE and DA . Then EA is the midlineof KCD , therefore AK = AD . Sine 6 KFD = 90Æ , the points K , F , and Dlie on the irle entered at A . This means AF = AD .9-4. Answer: 2 : 3 .When the bottle got �lled �rst time, the reindeer moss tea made up 140 ml ofits 350 ml volume. Therefore the mixture that was poured out onsisted of 2=5of reindeer moss tea and 3=5 of other substanes. Sine the amount of liquidthat was poured out of the bottle and the amount that was added afterwards areequal and the bottle �nally ontained 140 ml of reindeer moss tea again, also themixture that was added was made up of exatly 2=5 of reindeer moss tea. So theamount of moonshine in that mixture was 3=5 .9-5. Answer: a) yes; b) yes.a) See �gure 9.b) Figure 10 shows how to tile the border of width 2 around the (4k�1)� (4k�1)square (we use the fat that 2�4 retangle an be overed with two tiles). Startingfrom the tiling for n = 3 (its existene an be seen from the �gure 9) and applyingthis onstrution 500 times, we get the tiling for n = 2003 .2� 4k
2� 4kFigure 9 Figure 102� 4k -�

10-1. Answer: 4. 21
Let O be the ommon enter of the irles and ABCDE one of the pentagonswhereby the inner irle touhes the side AB and the outer irle passes throughD . Let Q be the enter of ABCDE . Then 6 AOB = 360Æ=10 = 36Æ and6 ADB = 6 AQB=2 = 360Æ=10 = 36Æ . So the isoseles triangles AOB and ADBare ongruent and the radius of the inner irle is exatly half of the radius of theouter irle.10-2. Answer: 2 and �2 .Using the fat that mn divides m2 + n2 , we onlude that m divides n2 and ndivides m2 . Therefore m and n have the same prime divisors. Now let m = pam0and n = pbn0 where the prime p is not a divisor of m0 and n0 . If for examplea > b , then mn and m2 are both divisible by pa+b but n2 is not (it is onlydivisible by p2b where 2b < a + b). That is, (m2 + n2)=(mn) is not an inte-ger, a ontradition. So it must be a = b and onsequently m = �n . Thenm2 + n2mn = 2n2� n2 = �2 .10-3. The quadilateral AXY B is yli sine 6 AXB = 180Æ � 6 MXB = 135Æ andanalogously 6 AY B = 135Æ . Also, the quadrilateral ANMB is yli. Therefore6 MXY = 180Æ � 6 AXY = 6 ABN = 6 AMN whih means that MN and XYare parallel.10-4. First, from the inequality between arithmeti mean and geometri mean we geta+ b+  > 3 3pab . Seond, sine a 6 2 , b 6 2 , and  6 2 , we have ab 6 8 . Nowaba+ b+  6 ab3 3pab = 3p(ab)23 6 3p643 = 43 :10-5. If the length of the strip is 2(k + 1) , then at his �rst move, the �rst player beatshis opponent's piee that stands at the end of the strip. This divides the pieesinto two setions: one of length 2k and the other of length 1 . Sine the seondsetion annot hange, the situation is equivalent to playing the game on a stripof length 2k where the seond player makes the �rst move. So the �rst player anfollow the winning strategy.If the length of the strip is 2(k+2) , then at his �rst move, the �rst player beats hisopponent's piee that stands on the third square from the end with his piee thatstands on the fourth square from the end. After that the board again ontains twosetions: one of length 2k and the other of length 3 . If the seond player makesa move in the �rst setion, the �rst player responds aording to the winningstrategy. If the seond player makes a move in the seond setion, the �rst playeralso makes his move in the seond setion whih thereafter has only one piee left.11-1. Let t1 and t2 be the time instants when the Trabant and the Meredes passedJuhan, respetively. The Meredes was at t1 some distane d away from Juhan22



and by t2 it reahed him. The Opel also was at t1 the distane d away fromJuhan (on the other side) and at t2 its distane to Juhan was the same as thedistane the Trabant overed between t1 and t2 . This means that the veloity ofthe Meredes equals the sum of veloities of the Opel and the Trabant. If t3 is thetime instant when the Opel reahes Juhan, having overed the distane d sinet1 , the Meredes has overed the distane d , passing Juhan at t2 in the oppositediretion, plus the distane that the Trabant has overed between t1 and t3 .11-2. Answer: equality ours when a = b =  = p3 .Using twie the inequality between arithmeti and geometri means, we get3pab+ 1a + 1b + 1 > 3pab+ 3 3s 1ab > 2vuut 3pab � 3 3s 1ab == 2p3 :The equality holds if and only if a = b =  and 3pab = 3 3s 1ab . These onditionsgive 3pa3 = 3 3s 1a3 or a = 3a . Hene a = b =  = p3 .11-3. a) Let AA1 , BB1 , and CC1 interset at P . From the property of intersetinghords we have jPAj � jPA1j = jPBj � jPB1j and also jPCj � jPC1j = jPBj � jPB1j .So jPAj � jPA1j = jPCj � jPC1j from whih it follows that the points C , A1 , C1 ,and A are onyli.b) We know that AB1A1B , BC1B1C , and CA1C1A are yli quadrilaterals.Therefore 6 AB1B = 6 AC1C beause 6 CB1B and 6 CC1B are equal. Now6 AA1B = 6 AB1B = 6 AC1C = 6 AA1C . Hene 6 AA1B = 90Æ . Analogously6 BB1C = 90Æ and 6 CC1A = 90Æ .11-4. The numbers m2 + m and m2 + 2m all have the desired property where m isan arbitrary positive integer. Indeed, the numbers pm2 +m and pm2 + 2mare not integers, sine m2 < m2 + m < m2 + 2m < (m + 1)2 . In addition,�pm2 +m� = �pm2 + 2m� = m whih is a divisor of both m2+m and m2+2m .11-5. Answer: all even numbers.Figure 11 gives the tiling for n = 2 , �gure 12 shows how to extend the tiling forn = 2m to the ase n = 2(m + 1) (we use the fat that 2 � 4 retangle an beovered with two tiles).Let now n = 2m + 1 . Let us olor the rows alternatingly blak and white. Sinethere are an even number of olumns of full length 4m + 3 and one olumn of23
length 4m + 2 whih ontains 2m + 1 blak squares and 2m + 1 white squares,the board altogether has an odd number of blak squares and an odd number ofwhite squares. Eah tile, not depending of its position, always overs 3 squares ofone olor and 1 square of other olor, hene the total number of tiles must be odd.On the other hand, the board has (4m+3)2� 1 = 16m2+ 24m+8 squares. Thisnumber is divisible by 8, so the number of tiles must be even, a ontradition.2� (4m� 4)2� 4mFigure 11 Figure 122� (4m � 4)� -

12-1. Answer: both Jüri and Mari have 4n possibilities.Let us plae n ards on the n squares of main diagonal. This an be done in 4nways, sine eah ard an be in one of 4 positions. After that, the position ofother ards is uniquely determined for both Jüri and Mari: if we know the olorsof two neighbouring edges of a square, the ard an be plaed on that square onlyin one way. So we an �ll the whole board diagonal by diagonal.12-2. Answer: x = 4 and x = 16 .First note that 4 and 16 satisfy the equation. To show that there are no moresolutions, onsider the funtion f(x) = px � log2 x . Finding the derivativef 0(x) = px ln 2� 22x ln 2 , we see that f(x) has only one extremum point x = � 2ln2�2 .Beause f(x) is ontinuously di�erentiable in its domain (0;1) , it must have aloal extremum between eah two zero points. Therefore f(x) annot have morethan 2 zero points.12-3. Answer: 45Æ .Triangles EDC and ABC are similar with the similarity ratiok = jDCj=jBCj . From the given fats we get jDCj=jBCj = jBCj=jACj .24



Now jECj = jACj � k = jACj � jBCj=jACj= jBCj . Triangle BCE is right-angledand isoseles, so 6 CEB = 45Æ .12-4. a) For a prime p , the sum of reiproals of its divisors is (p+1)=p . If there existsanother positive integer a 6= p whose sum of reiproals of divisors is (p + 1)=p ,then p must be one of a 's divisors. Then a is divisible at least by 1 , p , and a ,and the sum of their reiproals is greater than 1 + 1=p .b) Suppose that there exist an integer a with divisors d1 , . . . , dk and a seondinteger b with divisors e1 , . . . , el suh that 1=d1+ : : :+1=dk = 1=e1+ : : :+1=el .Let p be a prime that is not a divisor of neither a nor b . Then ap has divisors d1 ,. . . , dk , d1p , . . . , dkp , and bp has divisors e1 , . . . , el , e1p , . . . , elp . Computingtheir reiproal sum, we get for ap and bp , respetively:1d1 + : : :+ 1dk + 1d1p + : : :+ 1dkp = �1 + 1p�� 1d1 + : : :+ 1dk�1e1 + : : :+ 1el + 1e1p + : : :+ 1elp = �1 + 1p�� 1e1 + : : :+ 1el�The results are equal. So if there exist non-lonely integers a and b , then allintegers ap and bp where p is a prime not dividing a and b are also non-lonely.Now we an take a = 6 and b = 28 (in general, any two perfet numbers), then1 + 1=2 + 1=3 + 1=6 = 2 and 1 + 1=2 + 1=4 + 1=7 + 1=14 + 1=28 = 2 .12-5. a) Mark the numbers on 9 tikets as follows:(1; 2; 3; 4; 5; 6) (10; 11; 12; 13; 14; 15) (19; 20; 21; 22; 23; 24)(1; 2; 3; 7; 8; 9) (10; 11; 12; 16; 17; 18) (25; 26; 27; 28; 29; 30)(4; 5; 6; 7; 8; 9) (13; 14; 15; 16; 17; 18) (31; 32; 33; 34; 35; 36)If none of the tikets in the �rst olumn wins, two of the six drawn numbers mustbelong to f1; 2; : : :; 9g . If none of the tikets in the seond olumn wins, two ofthe six drawn numbers must belong to f10; 11; : : :; 18g . If none of the tikets inthe last olumn wins, three of the six drawn numbers must belong to f19; : : : ; 36g .Sine only 6 numbers are drawn, all these onditions annot be satis�ed at thesame time.b) If some number is marked on 3 tikets form 8, then the drawn set of numbersan ontain this number and one number from eah of 5 remaining tikets, so noneof 8 tikets wins. Now suppose that eah number is marked on at most 2 tikets.All 8 tikets together have 48 numbers marked but sine there are only 36 di�erentnumbers, at least 12 numbers must our twie. Without loss of generality, letthey be 1 , 2 , . . . , 12 . Let us take two tikets, say A and B , whih both have1 marked. They ontain 10 more numbers, so one of the numbers 2 , . . . , 12 isnot marked on either of them. Let this number be 12 . Then 12 is marked on two25
of remaining six tikets, say on C and D . Now the drawn set an ontain 1 , 12and one number from eah of 4 remaining tikets (not A , B , C , D ), and again,none of the 8 tikets wins.IMO Team Seletion Test: May 2003First Day1. Two treasure-hunters found a treasure ontaining oins of valuea1 < a2 < : : : < a2003 (the quantity of oins of eah value is unlimited).The �rst treasure-hunter forms all the possible sets of di�erent oins ontainingodd number of elements, and takes the most valuable oin of eah suh set. Theseond treasure-hunter forms all the possible sets of di�erent oins ontainingeven number of elements, and takes the most valuable oin of eah suh set.Whih one of them is going to have more money and how muh more? (H.Nestra)2. Let n be a positive integer. Prove that if the number 99 : : :9| {z }n is divisible by n ,then the number 11 : : :1| {z }n is also divisible by n . (H. Nestra)3. Let N be the set of all non-negative integers and for eah n 2 N denote n0 = n+1 .The funtion A : N3 ! N is de�ned as follows:(i) A(0;m; n) = m0 for all m;n 2 N ;(ii) A(k0; 0; n) = (n; if k = 0,0; if k = 1,1; if k > 1 for all k; n 2 N ;(iii) A(k0;m0; n) = A(k;A(k0;m; n); n) for all k;m; n 2 N .Compute A(5; 3; 2) . (H. Nestra)Seond Day4. A dek onsists of 2n ards. The dek is shu�ed using the following operation: ifthe ards are initially in the ordera1; a2; a3; a4; : : : ; a2n�1; a2n ;then after shu�ing the order beomesa2n�1+1; a1; a2n�1+2; a2; : : : ; a2n ; a2n�1 :26



Find the smallest number of suh operations after whih the original order of theards is restored. (R. Palm)5. Let a; b;  be positive real numbers satisfying the ondition 1ab + 1a + 1b = 1 .Prove the inequalityap1 + a2 + bp1 + b2 + p1 + 2 6 3p32 :When does the equality hold? (L. Parts)6. Let ABC be an aute-angled triangle, O its irumenter and H its orthoenter.The orthogonal projetion of the vertex A to the line BC lies on the perpendiularbisetor of the segment AC . Compute jCHjjBOj . (J. Willemson)Solutions of Seletion Test1. Answer: The �rst treasure-hunter gets one heapest oin more than the seondone.Solution. Take all the odd oin sets of the �rst treasure-hunter and form an evenoin set from eah one of them by the following rule. If the odd set ontains theheapest oin then leave it out, otherwise add the heapest oin to the set. Thisway we obtain exatly all the sets of the seond treasure-hunter plus one emptyoin set. It is lear that the desribed operation does not hange the most valuableoins of the sets exept for the set having originally only one heapest oin. Hene,the �rst treasure-hunter gets one heapest oin more than the seond one.2. The ondition of n j 11 : : :1| {z }n is equivalent to 9n j 99 : : :9| {z }n . We will prove a moregeneral result for any positional number system. Namely, we will show by indu-tion on n that for any positive integers n and b the ondition n j bn � 1 implies(b� 1)n j bn � 1 . Taking b = 10 gives the desired result.For n = 1 the laim is true as bn � 1 = (b� 1)(bn�1 + : : :+ b+ 1) . Now assumethat for all numbers less than n and any b the laim holds. Take any positiveinteger b and assume n j bn � 1 . Consider two possible ases.a) If n and b � 1 are oprime, the onditions n j bn � 1 and b � 1 j bn � 1 imply(b� 1)n j bn � 1 .b) If n and b � 1 have a ommon prime fator p , let n = mp ; thenbn � 1 = bmp � 1 = (bp)m � 1 . As m < n , we an use the indution hy-pothesis for m : as (bp)m � 1 = bn � 1 is divisible by n = mp and henealso by m , we have (bp � 1)m j (bp)m � 1 = bn � 1 . Sine p j b � 1 we get27
b � 1modp and 1 + b + : : : + bp�1 � 1 + 1 + : : :+ 1| {z }p � 0modp . Hene,(bp � 1)m = (b � 1)m � (1 + b + : : :+ bp�1) is divisible by (b � 1)mp = (b � 1)nand thus (b� 1)n j bn � 1 as required.3. Answer: 65536 .Solution. First we show by indution on k that for all integers k > 1 and any nthe equality A(k; 1; n) = n holds. Indeed, if k = 2 , we haveA(2; 1; n) = A(10; 00; n) = A(1; A(10; 0; n); n) == A(1; 0; n) = A(00; 0; n) = n :Assuming now that A(k; 1; n) = n holds for some k > 1 . ThenA(k0; 1; n) = A(k0; 00; n) = A(k;A(k0; 0; n); n) = A(k; 1; n) = n ;hene we have the required equality for k0 = k+ 1 and the indution is omplete.In a similar way we an use indution on m to prove that for any natural numbersm and n the equalities A(1;m; n) = m+n , A(2;m; n) = mn and A(3;m; n) = nmhold.Next we use indution on k to show that for any integer k > 0 the equalityA(k; 2; 2) = 4 holds. Indeed: for k = 1 we have A(1; 2; 2) = 2 + 2 = 4 . IfA(k; 2; 2) = 4 for some k > 0 we get k0 > 1 andA(k0; 2; 2) = A(k0; 10; 2) = A(k;A(k0; 1; 2); 2) = A(k; 2; 2) = 4 :We also note that for any natural kA(k0; 3; 2) = A(k0; 20; 2) = A(k;A(k0; 2; 2); 2) = A(k; 4; 2) :Finally we omputeA(5; 3; 2) = A(40; 3; 2) = A(4; 4; 2) = A(30; 30; 2) = A(3; A(30; 3; 2); 2) == A(3; A(3; 4; 2); 2) = 224 = 65536 :4. Answer: At least 2n shu�ings are needed.Solution. Assume the ards are labeled by numbers 1; 2; : : : ; 2n . We note thatthe position of the ard number x after the �rst shu�ing is f(x) = 2x mod 2n + 1 .After k th shu�ing its position beomes fk(x) = 2kx mod 2n + 1 . Our task is to�nd the least number k suh that for eah x the equality fk(x) = x holds, orequivalently, 2k � 1 mod 2n + 1 .Let k = 2n . Sine22n � (2n + 1)2 � 2(2n + 1) + 1 � 1 mod 2n + 1 ;28



then after 2nth shu�ing the order of the ards is restored. Assume that for somem < 2n the order is restored after mth shu�ing. In this ase we must havem > n , sine the ard number 1 only reahes the position 2n after nth shuf-�ing. Subtrating now the ongruene 2m � 1 mod 2n + 1 from the ongruene22n � 1 mod 2n + 1 , we obtain2m(22n�m � 1) � 0 mod 2n + 1 :This is the ontradition as 2m and the modulus 2n+1 are oprime and the valueof 22n�m � 1 is less than the same modulus beause of m > n . Hene, k = 2n isthe least number of shu�ings restoring the original order of ards5. Answer: the equality holds i� a = b =  = p3.Solution. The given equality is equivalent to ab = a+ b+  . Sine a; b;  > 0 wean �nd suh 0 < �; �;  < �2 that a = tan� , b = tan � ,  = tan  . Using theequality tan(x + y) = tanx+ tan y1� tanx tany repeatedly, we obtain tan(� + � + ) = 0or � + � +  = � . Using now the equality tan2 x1 + tan2 x = sin2 x and taking intoaount that the angles � , � and  are aute, we an transform the requiredinequality to the formsin�+ sin� + sin  6 3p32 :Sine �+�+ = � and the sine funtion is onave in the segment [0; �℄ , we anuse Jensen's inequality to obtain13 sin�+ 13 sin � + 13 sin  6 sin 13(�+ � + ) = sin �3 = p32 ;whih implies the required inequality. We also see that the equality holds i�� = � =  = �3 , or a = b =  = p3 .6. Answer: p2 .Solution. Let A0 and B0 be the base points of the heights drawn from the vertiesA and B , respetively. From the onditions of the problem we onlude thattriangle AA0C is an isoseles right triangle with the right angle at the vertexA0 . Thus, 6 A0AC = 6 A0CA = 45Æ . Hene the triangle BB0C is also right andisoseles. We have 6 AOB = 2 6 ACB = 2 � 45Æ = 90Æ and the triangle AOB isright and isoseles as well. In order to prove that jCHjjBOj = p2 it is enough toprove that jABj = jCHj . We will show that the triangles ABB0 and HCB0 are29
ongruent. Indeed, 6 AB0B = 90Æ = 6 HB0C , jBB0j = jB0Cj and jAB0j = jB0Hj(sine AB0H is also a right isoseles triangle). This ompletes the proof.
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